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Resumo

Expomos em detalhe o resultado de explosão em tempo finito para soluções de um problema de

valor inicial associados a uma família de equações de onda quasilineares em 3 + 1 dimensões obtido

por Fritz John em [Joh85a]. Utilizando principalmente técnicas desenvolvidas na prova desse resultado,

estudamos a existência global de soluções em 3 + 1 associadas a uma equação de onda semilinear a

um parâmetro, □u = − [2p/ ((1− p)(t+ 1))]ut + (ut)
2 para p ∈ (0, 1), que surge ao considerar o oper-

ador de onda num universo em expansão desacelerada para uma métrica FLRW g a partir da equação

□gu = −(ut)
2. Pelo resultado de Fritz John mencionado acima, é sabido que, para p = 0, as soluções

desta equação explodem em tempo finito dadas condições iniciais não triviais. Por outro lado, a partir do

Teorema 2.1 de [CFO23] por Costa et al., para condições iniciais suficientemente pequenas, há existência

global das soluções de □gu = −(ut)
2, para p > 1, correspondente à escolha de uma métrica FLRW em

expansão acelerada. Tanto quanto sabemos, permanece em aberto a questão de existência global das

soluções quando p ∈ (0, 1). Expomos duas abordagens (até agora sem sucesso) ao problema. Uma

primeira a partir de um argumento de continuidade nos parâmetros para p suficientemente pequeno

e uma segunda utilizando o método de Klainerman e Sarnack no caso p = 1/2. Em ambos os casos

encontramos obstruções à resolução do problema.

Palavras-chave: equações diferencias parciais, problemas de valor inicial, equações de onda não-lineares,

existência global de soluções, explosão em tempo finito, espaço-tempo FLRW.
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Abstract

We give in detail the proof of blow-up for solutions of a Cauchy problem associated to a family of

quasilinear wave equations in 3 + 1 by Fritz John found in [Joh85a]. Mainly using the techniques con-

sidered in the proof of the previous theorem we attempt to prove a blow-up result in 3 + 1 for solutions

of the semilinear wave equation □u = − [2p/ ((1− p)(t+ 1))]ut + (ut)
2 for a fixed p ∈ (0, 1). This wave-

equation is obtained by considering the wave operator in the context of a decelerated expanding FLRW

spacetime for the equation □gu = −(ut)
2. In the p = 0 case it is known, via the aforementioned Fritz

John result, that solutions of the above equation blow-up in finite time for non-trivial initial conditions.

On the other hand, from Theorem 2.1 in [CFO23] by Costa et al., for sufficiently small initial data one

knows there is global existence for solutions of □gu = −(ut)
2 when p > 1, which corresponds to an

accelerated expanding FLRW metric. To our current awareness, it is an open problem whether blow-up

of solutions occur for the above equation when p ∈ (0, 1). We show two (so far unsuccessful) approaches

to the problem. First we attempt a continuity argument in the parameters for sufficiently small p, while

in a second attempt we use the method by Klainerman and Sarnack to try and obtain a simpler wave

equation for the p = 1/2 case. In both approaches we find obstructions to the proof.

Keywords: partial differential equations, Cauchy problem, nonlinear wave equations, global-existence

of solutions, blow-up in finite time, FLRW spacetime.
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1
Introduction

1.1 General background

The analysis of partial differential equations (PDEs) typically begins by formulating what is known as

a Cauchy problem, or initial value problem (IVP), with appropriate initial and/or boundary data. The key

questions regarding such a problem are the following: does a solution to the problem exist (existence), is it

uniquely determined by the data (uniqueness), and under what circumstances can additional qualitative

features, such as smoothness or regularity, be established? In this dissertation we will be mainly concerned

with a question which falls under the existence class. In particular, assuming we have local existence

and uniqueness of solutions, we want to understand if they can be extended globally (global existence) or,

to the contrary, if there is a finite time T to their existence (blow-up in finite time).

As stated by Lawrence Evans in [Eva10], "There is no general theory known concerning the solvability

of all partial differential equations. Such a theory is extremely unlikely to exist, given the rich variety of

physical, geometric, and probabilistic phenomena which can be modelled by PDE". Thus, we will restrict

ourselves to the study of a particular PDE, the wave equation, which enjoys almost endless application.

We consider it in the following general form1

□u(x, t) := utt(x, t)−∆u(x, t) = ϕ(x, t, u, u′, u′′), (1.1)

where u : Rn × R+ → R is a solution and where u′ and u′′ represent, respectively, the vector of all

first order derivatives of u and the vector of all second order derivatives of u. We further assume that,

on linearizing (1.1) in a neighbourhood of the trivial solution u = 0, one recovers the classical wave

equation, which implies in particular that

ϕ =
∂ϕ

∂u
= 0,

∂ϕ

∂u′
= 0,

∂ϕ

∂u′′
= 0, at (x, t, 0, 0, 0). (1.2)

PDEs are classified as either linear or nonlinear, where the nonlinear ones are further classified as

semilinear, quasilinear or fully nonlinear. In general, this classification reflects an increasing difficulty or
1Throughout the thesis we consider the d'Alembert operator □ (without a lower metric index) to have the signature of (1.1),

following the works by Fritz John.
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complexity of the techniques involved in understanding the class of questions mentioned above [Eva10].

In equation (1.1) the function ϕ, assuming (1.2), dictates this classification. In particular, the wave

equation in (1.1) is considered

• linear, if ϕ is of the form ϕ(x, t).

• semilinear, if ϕ is of the form ϕ(x, t, u, u′), such that derivatives of order two in (1.1) appear linearly.

• quasilinear, if ϕ is of the form ϕ(x, t, u, u′, u′′) but second order derivatives appear with lower

order coefficients, i.e. the second order terms in ϕ are of the form h(x, t, u, u′)u′′ for some function

h.

• fully nonlinear, if ϕ is of the form ϕ(x, t, u, u′, u′′) without further restrictions.

In the present work we solely consider semilinear and quasilinear versions of (1.1) in the context of

an initial value problem. This corresponds, for the wave equation, to setting initial conditions where one

specifies the solution u and its time-derivative ut at t = 0, with the possible inclusion of boundary terms

depending on the domain under consideration. Throughout, the IVP we consider is of the form{
□u(x, t) = ϕ(x, t, u, u′, u′′),

u(x, 0) = f(x), ut(x, 0) = g(x), x ∈ Rn
(1.3)

where u : Rn × R+ → R is the solution, and f , g is the initial data over which we impose some

assumptions, mainly compact support and certain regularity conditions.

For fairly general conditions on ϕ, f and g, the IVP (1.3) satisfies local well-posedness, i.e. it verifies

local existence and uniqueness of solutions. In regards to global existence, besides conditions on ϕ, f

and g, the spatial dimension n has a significant impact on the behaviour of solutions. For n ≥ 4, and a

large class of nonlinearities ϕ, it is known that (1.3) admits global in time unique solutions for sufficiently

small initial data. We state this results for context, without proofs, in Chapter 3. Different versions can be

found in [Sog95], [Rin] and [Luk], depending on dimension, type of nonlinearity and initial conditions.

This phenomena however does not extend for dimensionsn ≤ 3. In then = 3 case, Fritz John shows in

[Joh85a] that, for a particular class of nonlinearitiesϕ, which include some of those considered in then ≥ 4

result mentioned above, there is no non-trivial global in time classical solution of (1.3), independently

of how small the initial conditions are made to be. In particular, for that class of nonlinearities, if one

considers initial conditions of the form u(x, 0) = ϵf(x) and ut(x, 0) = ϵg(x), x ∈ R3, then, independently

on the choice of ϵ > 0, the solution u blows-up in finite time. This is quite remarkable in and of itself

and is shared also by dimensions n = 1 and n = 2, see for example [Joh85b] and [Ali99] respectively. A

detailed exposition of the proof of blow-up in 3+1 dimensions by Fritz John is a significant portion of

this dissertation and is covered in Chapter 4.

Still, for n = 3, there is a class of nonlinearities ϕ, said to satisfy the null condition, for which global

in time solutions exist for sufficiently small initial data. This is very briefly mentioned in Chapter 3 but

can be seen in more detail again in [Sog95] and [Luk].

2



Essentially, long time behaviour of solutions of (1.3) depend heavily on dimension, type of nonlin-

earity and properties of the initial data.

1.2 Main problem and motivation

The main goal of this thesis is to understand the behaviour of solutions for the IVP associated to the

following semi-linear wave equation in 3+1 dimensions

□u(x, t) = − 2p

(1− p)(t+ 1)
ut(x, t) + (ut(x, t))

2, (1.4)

where p is a fixed parameter satisfying p ∈ (0, 1). In particular, we want to understand if the IVP

associated to (1.4) admits non-trivial C2 solutions u which are global in time or, rather, if solutions

blow-up in finite time. Equation (1.4) follows from the well-known example

□u = (ut)
2, (1.5)

which belongs to the class of nonlinearities considered in Fritz John's blow-up result and features

prominently in [Joh85a]. In particular, a result which establishes bounds on the time of blow-up for

spherically symmetric solutions of this equation is studied in detail in Section 2 of [Joh85a].

The relation between (1.4) and (1.5) can be seen by viewing the latter equation in the form

□gu = −(ut)
2, (1.6)

where the wave operator (or d'Alembertian) □g , which depends on the geometry of the underlying

manifold, is considered for the Minkowski metric2

g = η := −dt2 +
3∑
i=1

(dxi)2. (1.7)

Considering instead a FLRW (Friedmann–Lemaître–Robertson–Walker) metric of the form

g = −dt2 + t2p
3∑
i=1

(dxi)2. (1.8)

with p ∈ (0, 1), which corresponds to a decelerated expanding universe, one can obtain (1.4). This

procedure can be found in detail in Section 5.1. We now make the following observations:

• Taking p = 0 in equation (1.4) we obtain (1.5). Thus, from the previously mentioned blow-up result

by Fritz John, we know solutions of this equation blow-up in finite time for non-trivial initial data.

• From Theorem 2.1 of [CFO23] by Costa et al., it is known that (1.6) admits global in time solutions,

for sufficiently small initial data, when g corresponds to a FLRW metric describing an accelerated

expanding universe. This corresponds to the same metric g in (1.8) for the case where p > 1.
2Here, we consider a different metric signature compared to (1.1), following [CFO23].
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To the author's current knowledge, whether (1.4) admits non-trivial classical solutions u which can

be extended globally for p ∈ (0, 1) is still an open problem. In this dissertation we attempt to prove (so

far unsuccessfully) a blow-up result for solutions of (1.4) by mainly following the ideas used in Fritz

John's proof of blow-up found in [Joh85a]. This is done in Section 5.4 in a few different ways.

As a final remark, in terms of application, the problem above could be viewed as a toy version

mimicking phenomena of interest found in applications to cosmology, see [FMO+24] for a recent example.

1.3 Layout of the thesis

This thesis has the following structure:

• Chapter 2 - Linear Wave Equation: Since methods commonly used in the study of nonlinear wave

equations first appear in the treatment of the linear case, we start by stating them in this context.

In particular, we cover explicit solutions of the linear wave equation, for dimensions n = 1, 2, 3,

and energy methods which establish uniqueness and properties of the solution such as domain of

dependence and finite speed of propagation. For this purpose, we follow the treatment in Evans's

book [Eva10].

For the purpose of understanding the remainder of the thesis the main results of this chapter are:

Section 2.1.2, where we obtain d'Alembert 's representation formula in the half-space; Section 2.1.3,

particularly the Euler-Poisson-Darboux Equation (2.26) and the ideas behind the construction of

Kirchoff 's representation formula via spherical averaging and the reduction to the n = 1 case in

the half-space; Section 2.1.5 where we cover the non-homogeneous case using Duhamel's method,

in particular the explicit solution of the linear non-homogeneous wave equation in 1+1 dimensions

given by (2.67).

• Chapter 3 - Nonlinear Wave Equation: This chapter is essentially an aggregate of results providing

context for the remainder of the thesis and is divided in two sections. In Section 3.1 we state a local

well-posedness result for quasilinear wave equations, while in Section 3.2 we state results regarding

global existence, how the problem relates to dimension and how, in the 3 + 1 dimensional case,

the null condition influences global existence. We finalize this chapter with a straightforward

extension of the Euler-Poisson-Darboux equation to the semilinear case.

• Chapter 4 - Blow-up for Quasilinear Wave Equations in 3+1 Dimensions: In this chapter we

look in detail at results by Fritz John regarding blow-up of quasi-linear wave equations in three

space dimensions. In particular we look at Fritz John's publications [Joh85a] and [Joh90] where

it is shown that, for a certain family of quasi-linear wave equations in 3+1 dimensions, a global

in time C2 solution must necessarily be the trivial one, assuming compact support and certain

4



regularity over the initial conditions. This in turn implies that, given non-trivial initial conditions

and independently of their size, the solutions blow-up in finite time.

We start by covering a uniqueness theorem (Theorem 4.1.1) which extends the domain of depen-

dence result from the linear case (A.1.2) to the quasilinear case. This corresponds to Theorems

4 and 4a of [Joh85a]. In Section (4.2), as a pedagogical introduction avoiding the complexities

of the general case, we apply the ideas of the general proof of blow-up result in 3+1 dimensions

to the IVP associated to equation (1.5). Finally we state and prove in detail the general blow-up

result divided in two parts, Theorems 4.3.1 and 4.3.2. In the former case, and under a particular

assumption (K > 0), one can explicitly obtain an upper bound for the time of blow-up along certain

characteristics. In the latter case (K = 0) one shows instead that a globalC2 solution must in fact be

the trivial solution. These correspond to Theorems 1 and 2 of [Joh85a] and to an example starting

in (45a) of [Joh90].

• Chapter 5 - Semi-linear Wave Equations on FLRW Spacetimes: In this last chapter we start by

computing the wave operator for an underlying geometry defined by a FLRW type metric with

a general expansion term. Next, we obtain (1.4) by considering (1.6) with □g corresponding to a

FLRW metric instead of the Minskowski metric. Via a change of variable to conformal time, and by

setting a specific expansion term a(t) = tp, we obtain (1.4). These sections were written by mainly

following [CFO23]. The remainder of the chapter is devoted to two different attempts at tackling

the main problem via the ideas used in the proofs of Theorems (4.3.1) and (4.3.2).

In Section 5.4.1, after reducing the problem to an ODE type inequality, as obtained also in Theorem

(4.3.2), we try to make a continuity argument for small p. However, new obstructions in this setting

prevent us from reaching the same conclusions as before.

In Section 5.4.2, inspired by [NR23], we fix p = 1/2 and use the method of Klainerman and Sarnack

[KS81] to construct an invertible operator transforming the solutions u of (1.4) into solutions of a

simpler wave equation (5.97). However, obtaining and ODE type inequality in this setting appears

to be a more challenging task.

5



2
Linear Wave Equation

Consider both the homogeneous and non-homogeneous linear wave equation which are given re-

spectively by

□u(x, t) = 0, (2.1)

and

□u(x, t) = f(x, t), (2.2)

where u : U × [0,∞) → R is the unknown, f : U × [0,∞) → R is given and U ⊂ Rn is an open set. In the

following section we obtain explicit solutions for the initial value problem associated to the above wave

equations.

2.1 Representation Formulas

The representation formulas are explicit solutions of the linear wave equation, which we will present

for dimensions n = 1, 3, 2, in this order. As we shall see, the dimension (concretely whether it is odd

or even) has a significant impact on the methods applied in order to construct the solutions and in the

behaviour of the solutions themselves. The structure of the present section is as follows:

• We start with d'Alembert’s Formula (n = 1, U = R) by employing the method of characteristics,

which is first introduced in order obtain the representation formulas for the homogeneous and

non-homogeneous transport equation in Section 2.1 of [Eva10].

• Next, we obtain d'Alembert’s Formula (n = 1, U = R+) via the so called reflection method. This

result plays a crucial role later when deriving the representation formula for the n = 3 case.

• Next, we derive Kirchoff's Formula (n = 3, U = R3), obtained via spherical means and with

recourse to d’Alembert’s formula in the half-plane.

• Finally, we obtain Poisson's Formula (n = 2, U = R2) via the so called method of descent. This is

done mostly for comparison purposes since we will not rely on this result in the remainder of this

thesis.
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2.1.1 d'Alembert's Formula (n = 1, U = R)

We consider the following initial value problem{
utt(x, t)− uxx(x, t) = 0, (x, t) ∈ R× (0,+∞),

u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ R,
(2.3)

where g, h : R → R are known functions with regularity to be determined by the representation formula

derived below. Let u be a sufficiently regular solution of (2.3). We can write the wave equation in (2.3)

in the following way

(∂t + ∂x)(∂tu− ∂xu) = 0. (2.4)

Defining

v(x, t) := (∂tu− ∂xu)(x, t), (2.5)

we can write (2.4) as

∂tv + ∂xv = 0 ⇔ ∇v(x, t) · (1, 1) = 0. (2.6)

For a fixed (x, t) ∈ R × R+, equation (2.6) states that v is constant along the lines parametrized by

(x+ s, t+ s), with s ∈ R, obtained by integrating the vector field (dx/ds, dt/ds) with tangent vector (1, 1)

such that (x(0), t(0)) = (x, t) for all (x, t) ∈ R× R+. At s = −t in particular, we have

v(x, t) = v(x− t, 0) =: w(x− t), (2.7)

for some function w to be determined. From the definition of v (2.5) we now obtain for (x, t) ∈ R× R+

∂tu− ∂xu = w(x− t) ⇔ ∇u · (−1, 1) = w(x− t). (2.8)

Again, fixing (x, t) ∈ R× R+, along the lines parametrized by (x− s, t+ s), with s ∈ R, we have

d

ds
u(x− s, t+ s) = ∇u(x− s, t+ s) · (−1, 1)

= ∂tu(x− s, t+ s)− ∂xu(x− s, t+ s)

= w(x− s− (t+ s)).

(2.9)

To grab the initial data at t = 0, we integrate (2.9) in s from −t to 0 and use the fundamental theorem of

calculus in order to obtain∫ 0

−t

d

ds
u(x− s, t+ s)ds = u(x, t)− u(x+ t, 0) =

∫ 0

−t
w(x− s− (t+ s))ds

⇔ u(x, t) = g(x+ t) +

∫ t

0

w(x+ s− (t− s))ds = g(x+ t) +
1

2

∫ x+t

x−t
w(y)dy,

(2.10)

first changing s→ −s, using the initial condition u(x+ t, 0) = g(x+ t) and finally the change of variable

y = x− t+ 2s. To determine w we use (2.7) together with the initial conditions of (2.3), resulting in

w(x) = ut(x, 0)− ux(x, 0) = h(x)− g′(x), (2.11)
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and finally leading to

u(x, t) = g(x+ t) +
1

2

∫ x+t

x−t
w(y)dy = g(x+ t) +

1

2

∫ x+t

x−t

(
h(y)− g′(y)

)
dy

=
1

2

(
g(x+ t) + g(x− t)

)
+

1

2

∫ x+t

x−t
h(y)dy.

(2.12)

One can then verify that

u(x, t) =
1

2

(
g(x+ t) + g(x− t)

)
+

1

2

∫ x+t

x−t
h(y)dy, (x ∈ R, t ≥ 0), (2.13)

is indeed the solution to (2.3) known as d'Alembert's formula. In particular, one can verify the following:

u ∈ C2(R× [0,∞)), provided g ∈ C2(R) and h ∈ C1(R); the wave equation utt − uxx = 0 is satisfied for

(x, t) ∈ R× (0,∞); for each x ∈ R the limit t→ 0+ of u and ut coincides with the initial data. Motivated

by the results above, one can alternatively arrive at the same representation formula by considering the

change of variables ξ = x+ t and η = x− t. This can be found in Appendix, see A.1.1.

Remark 2.1.1.

(i) From the representation formula we see that the value of u at (x, t) depends, through g, on the end points

x− t, x + t and through h over the interval (x− t, x+ t), i.e. the domain of dependence of the solution at

(x, t) is the interval [x− t, x+ t].

(ii) The regularity (reg) of the solution u will be min{reg(g), reg(h) + 1}, provided that g is at least C2(R) and

h is at least C1(R).

We now use the reflection method to obtain a representation formula of (2.3) in the half-plane, i.e.

in the case where U = R+. As mentioned, this will be useful later when considering the case n = 3.

2.1.2 d'Alembert's Formula (n = 1, U = R+)

We now consider the following initial value problem with Dirichlet boundary conditions
utt(x, t)− uxx(x, t) = 0, (x, t) ∈ R+ × (0,+∞),

u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ R+,

u(0, t) = 0, t > 0,

(2.14)

where again g, h are given and satisfy g(0) = h(0) = 0.

Definition 2.1.1. (Odd Extension/Reflection)

Given a function f : R0
+ → R, satisfying f(0) = 0, we define its odd extension f̃ : R → R by

f̃(x) =

{
f(x), x ≥ 0,

−f(−x), x ≤ 0.
(2.15)
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Let u be a solution of (2.14) and consider the extensions ũ, g̃ and h̃. Then, one can consider an initial

value problem for ũ in the setting of (2.3), i.e. with U = R. Furthermore, the boundary conditions of

(2.14) will be satisfied for all time t ≥ 0 by ũ. In other words, the extended solution ũ will be a solution

of (2.14), restricted to the corresponding domain of validity, since they satisfy the same wave equation

and the boundary condition u(0, t) = ũ(0, t) = 0 is satisfied for all t ≥ 0 via odd extension.

To be more precise, consider the following initial value problem{
ũtt(x, t)− ũxx(x, t) = 0, (x, t) ∈ R× (0,+∞),

ũ(x, 0) = g̃(x), ũt(x, 0) = h̃(x), x ∈ R.
(2.16)

Using d'Alembert's representation formula (2.13) the solution is given by

ũ(x, t) =
1

2

[
g̃(x+ t) + g̃(x− t)

]
+

1

2

∫ x+t

x−t
h̃(s)ds, x ∈ R, t ≥ 0. (2.17)

Now, restricting to the region x ≥ 0, t ≥ 0, we need to be careful over the sign of the x − t term. If

x− t ≥ 0 we have

ũ(x, t) =
1

2

[
g(x+ t) + g(x− t)

]
+

1

2

∫ x+t

x−t
h(s)ds, x ≥ t ≥ 0. (2.18)

If x− t ≤ 0, separating the integral and using the odd extension on h̃ we obtain

ũ(x, t) =
1

2

[
g(x+ t)− g(t− x)

]
− 1

2

∫ 0

x−t
h(−s)ds+ 1

2

∫ x+t

0

h(s)ds. (2.19)

Performing the change of variable y = −s, and relabelling it in the next step as s, we obtain

ũ(x, t) =
1

2

[
g(x+ t)− g(t− x)

]
+

1

2

∫ 0

t−x
h(s)ds+

1

2

∫ x+t

0

h(y)dy

=
1

2

[
g(x+ t)− g(t− x)

]
+

1

2

∫ x+t

t−x
h(s)ds, 0 ≤ x ≤ t.

(2.20)

Finally, if we let

u(x, t) =

{
1
2

[
g(x+ t) + g(x− t)

]
+ 1

2

∫ x+t
x−t h(s)ds, x ≥ t ≥ 0,

1
2

[
g(x+ t)− g(t− x)

]
+ 1

2

∫ x+t
t−x h(s)ds, 0 ≤ x ≤ t,

(2.21)

one can check that (2.21) is indeed a solution to (2.14). It satisfies the wave equation in x > 0, t > 0 and

coincides appropriately with the initial data, since ũ does, and satisfies the boundary condition at x = 0

for t ≥ 0 since

lim
x→0

u(x, t) = 0, (2.22)

both when x ≥ t ≥ 0 and 0 ≤ x ≤ t.

Remark 2.1.2.

(i) Considering h ≡ 0, the solution can be interpreted as an initial disturbance, given by g, which splits equally

in a right moving and left moving disturbances with the latter reflecting at x = 0.
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(ii) The speed of propagation can be seen from the fact that the wave front, where g is constant, occurs for

x± t = c, c ∈ R, such that dx/dt = ∓1.

(iii) Note that the solution u : R0
+ × [0,∞) → R may fail to be C2 unless g′′(0) = 0 since

lim
x→0+

g̃′′(x) = g′′(0) and lim
x→0−

g̃′′(x) = lim
y→0+

−g′′(y) = −g′′(0). (2.23)

We now consider the case n = 3. The idea is to look at spherical averages of a solution u which, as a

function of time and the radius of the sphere, ends up satisfying the n = 1 wave equation where we can

simply apply d'Alembert's representation formula, in the reflection setting we have just considered.

2.1.3 Kirchoff's Formula (n = 3, U = R3)

We first consider an initial value problem in Rn since the next result holds for general n ∈ N. Suppose

that u ∈ Cm(Rn × [0,∞)), with m ≥ 2, is a solution of the following initial value problem{
utt(x, t)−∆u(x, t) = 0, (x, t) ∈ Rn × (0,+∞),

u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ Rn.
(2.24)

We define the spherical average of an arbitrary function as follows.

Definition 2.1.2. (Spherical Average)

Let x ∈ Rn, t > 0, r > 0. We define the spherical average of a function f : Rn × (0,∞) → R over the sphere

centred at x of radius r by

f(x; r, t) :=
1

|∂Br|

∫
∂B(x,r)

f(y, t)dS(y), (2.25)

where |∂Br| is the measure of the sphere of radius r.

The following lemma provides the PDE satisfied by the spherical average of a solution of (2.24) for

some fixed x ∈ Rn.

Lemma 2.1.1. (Euler-Poisson-Darboux Equation)

Fix x ∈ Rn and let u satisfy (2.24). Then, u ∈ Cm(R+ × [0,∞)) and satisfies{
utt(r, t)− urr(r, t)− n−1

r ur(r, t) = 0, in R+ × (0,∞)

u(r, 0) = g(r), ut(r, 0) = h(r), in R+

(2.26)

Proof. Fix x ∈ Rn and let u be a solution of (2.24). We are interested in taking the spherical average of

the wave-equation in (2.24). Clearly

utt = utt, (2.27)

since the dependence on t of (2.25) is only through u. We now want to understand the term ∆u in terms

of the spherical average u. From the spherical average of u, over a sphere centred at x of radius r > 0,
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changing coordinates to x+ rz, where z = (y − x)/r is the unit normal vector on the sphere at y, allows

us to change the integral to be over the unit sphere centred at the origin1 obtaining

u(x; r, t) =
1

|∂Br|

∫
∂B(x,r)

u(y, t) dS(y) =
1

|∂B1|

∫
∂B(0,1)

u(x+ rz, t) dS(z). (2.28)

Therefore we have

ur(x; r, t) =
1

|∂B1|

∫
∂B(0,1)

∇u(x+ rz, t) · z dS(z)

=
1

|∂Br|

∫
∂B(x,r)

∇u(y, t) · y − x

r
dS(y)

=
r

n

1

|Br|

∫
B(x,r)

∆u(y, t) dy,

(2.29)

using the divergence theorem with unit normal n̂ = (y − x)/r and the fact that |∂Br| = (n/r)|Br|, with

|Br| the measure of the ball of radius r.

Since u satisfies the wave-equation (2.24) we can write

ur(x; r, t) =
r

n

1

|Br|

∫
B(x,r)

utt(y, t) dy

=
r

n

1

|Br|

∫ r

0

(∫
∂B(x,s)

utt(y, t) dy

)
ds

=
1

nα(n)rn−1

∫ r

0

(∫
∂B(x,s)

utt(y, t) dy

)
ds,

(2.30)

using the fact that |Br| = πn/2

Γ(n
2 +1)r

n =: α(n)rn, where Γ represents the usual gamma function. Passing

the rn−1 term to the other side and differentiating both sides of (2.30) with respect to r we obtain

(rn−1ur)r =
1

nα(n)

∫
∂B(x,r)

utt(y, t) dy

=
rn−1

|∂Br|

∫
∂B(x,r)

utt(y, t) dy.

(2.31)

which leads to

(n− 1)rn−2ur + rn−1urr = rn−1utt, (2.32)

and finally to

utt − urr −
n− 1

r
ur = 0, (2.33)

for (r, t) ∈ R+ × (0,∞). We omit the proof of regularity which can be seen in Lemma 1, Section 2.4 of

[Eva10]. ■

We now apply this result to the n = 3 case. From Lemma 2.26 the PDE satisfied by the spherical

average u is

utt − urr −
2

r
ur = 0, (2.34)

1In this way, when differentiating, we only hit the integrand and not the region itself.
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Let

v(r, t) := ru(r, t), (2.35)

we obtain from (2.34)

vrr = 2ur + rurr = rutt = vtt. (2.36)

Therefore v satisfies 
vtt − vrr = 0, (r, t) ∈ R+ × (0,+∞),

v(r, 0) = rg(r), vt(r, 0) = rh(r), r ∈ R+,

v(0, t) = 0, t ∈ (0,+∞).

(2.37)

This initial value problem corresponds to the n = 1 case with U = R+, i.e. equation (2.14), whose

solution is given d'Alembert's formula via the reflection method (2.21). To obtain u(x, t) we take the

limit r → 0 so we can simply consider the part of the solution in (2.21) where 0 ≤ r ≤ t, i.e.

v(x; r, t) =
r

2

[
g(r + t)− g(t− r)

]
+

1

2

∫ r+t

t−r
sh(s)ds, 0 ≤ r ≤ t, (2.38)

keeping in mind that (2.38) depends on x through g and h which are radially defined with respect to x.

Note that

u(x, t) = lim
r→0+

u(x; r, t), (2.39)

by the continuity of u at x and the definition of the spherical average. By continuity of u, given ϵ > 0

there exists δ > 0 such that for all y satisfying ∥x − y∥ < δ, equivalent to 0 < r < δ for x ̸= y, implies

|u(x, t)− u(y, t)| < ϵ, and therefore∣∣∣∣u(x, t)− 1

|∂Br|

∫
∂B(x,r)

u(y, t) dS(y)

∣∣∣∣ = ∣∣∣∣ 1

|∂Br|

∫
∂B(x,r)

u(x, t)− u(y, t) dS(y)

∣∣∣∣
≤ 1

|∂Br|

∫
∂B(x,r)

|u(x, t)− u(y, t)| dS(y) < ϵ.

(2.40)

Defining g̃ := rg and h̃ := rh we obtain

u(x, t) = lim
r→0+

u(x; r, t) = lim
r→0+

v(x; r, t)

r

= lim
r→0+

(
1

2r

[
g̃(r + t)− g̃(t− r)

]
+

1

2r

∫ r+t

t−r
h̃(s)ds

)
,

(2.41)

recalling again that g and h are radially defined with respect to x. The left term of the limit we can

compute as follows

lim
r→0+

1

2r

[
g̃(r + t)− g̃(t− r)

]
= lim
r→0+

g̃(r + t)− g̃(t)

2r
− g̃(t− r)− g̃(t)

2r

= lim
r→0+

g̃(r + t)− g̃(t)

2r
− lim
r′→0−

g̃(t+ r′)− g̃(t)

−2r′

= lim
r→0+

g̃(r + t)− g̃(t)

2r
+ lim
r′→0−

g̃(t+ r′)− g̃(t)

2r′

= g̃′(t).

(2.42)
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The right term of the limit is handled in exactly the same way considering a primitive of h̃ and using the

fundamental theorem of calculus. Thus, we have

u(x, t) = g̃′(x; t) + h̃(x; t). (2.43)

Unrolling the definitions we have

g̃′(x; t) =
∂

∂t

(
t

|∂Bt|

∫
∂B(x,t)

g(y) dS(y)

)
=

1

|∂B1|
∂

∂t

(
t

∫
∂B(0,1)

g(x+ tz) dS(z)

)
=

1

|∂Bt|

∫
∂B(x,t)

g(y) dS(y) +
t

|∂B1|

∫
∂B(0,1)

∇g(x+ tz) · z dS(z)

=
1

|∂Bt|

∫
∂B(x,t)

g(y) dS(y) +
t

|∂Bt|

∫
∂B(x,t)

∇g(y) ·
(
y − x

t

)
dS(y).

(2.44)

Replacing this result in (2.43) and recovering the definitions we obtain the solution of (2.24) for n = 3

which is known as Kirchhoff's formula

u(x, t) =
1

4πt2

∫
∂B(x,t)

(
th(y) + g(y) +∇g(y) · (y − x)

)
dS(y), x ∈ R3, t > 0. (2.45)

Remark 2.1.3.

(i) From (2.45), the solution u at (x, t) depends on the integral through the boundary of B(x, t), i.e. through

∂B(x, t). However, due to the dependence on ∇g, we actually require information of g in a spherical shell of

ϵ thickness, for some ϵ > 0.

(ii) The dependence of u(x, t) over ∂B(x, t) also implies finite speed of propagation. In particular, the speed of

propagation is v = 1 since information of the initial conditions propagates along the surface of a cone in

3+1 dimensions, i.e. for a fixed (x, t) information reaches this point by propagating along the points (x′, t′)

satisfying t− t′ = ∥x− x′∥.

(iii) In terms of regularity, unlike the n = 1 case, the solution now depends on derivatives of g. Thus, at times

t > 0, we may lose regularity compared to the initial data. In fact, from Theorem 2 in Section 2.4 of [Eva10],

one requires g ∈ C3(R3) and h ∈ C2(R3) for u to be a C2 solution in R3 × [0,∞).

We now show how to obtain the representation formula for n = 2, known as Poisson's formula, in

order to compare the domain of dependence of solutions as a function of dimension.

2.1.4 Poisson's Formula (n = 2, U = R2)

Transformation (2.35) which converts the Euler-Poisson-Darboux equation (2.26) into a one-dimensional

wave equation2 no longer works for n = 2, so we require a different method. The idea here is to use

Kirchoff's formula in n = 3 and simply collapse the extra dimension, i.e. have all functions involved
2Lemma 2 and (28) in Section 2.4 of [Eva10] shows a transformation which accomplishes this for odd n ≥ 3.
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depend only on two of the dimensions.

Suppose u ∈ C2(R2 × [0,∞)) is a solution of the initial-value problem{
utt(x, t)−∆u(x, t) = 0, (x, t) ∈ R2 × (0,+∞),

u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ R2.
(2.46)

Define U : R3 × [0,∞) satisfying

U(x1, x2, x3, t) := u(x1, x2, t), (2.47)

for all x3 ∈ R. Then U solves the following initial-value problem{
Utt(x, t)−∆U(x, t) = 0, (x, t) ∈ R3 × (0,+∞),

U(x, 0) = G(x), Ut(x, 0) = H(x), x ∈ R3,
(2.48)

whereG(x1, x2, x3) = g(x1, x2) andH(x1, x2, x3) = h(x1, x2), for all x3 ∈ R. Recovering the intermediate

solution for the case n = 3 given by equation (2.43) and denoting x = (x1, x2) and x = (x1, x2, 0) (which

should not cause confusion with the spherical average since x is just a coordinate) we have

u(x, t) = U(x, t) =
∂

∂t

(
t

|∂Bt|

∫
∂B(x,t)

G(y) dS(y)

)
+

t

|∂Bt|

∫
∂B(x,t)

H(y) dS(y), (2.49)

where B(x, t) denotes the ball in R3 and dS(y) is the measure on the two-dimensional sphere ∂B(x, t)

with y = (y1, y2, y3) ∈ ∂B(x, t). Since G and H are constant over x3, we can change the integral over

the sphere ∂B(x, t) to twice the integral over the disk in the plane, denoted B(x, t), to account for both

hemispheres. Doing this for the integral in G (the integral in H changes in the same way) we obtain

t

|∂Bt|

∫
∂B(x,t)

G(y) dS(y) =
2

4πt2

∫
B(x,t)

g(y1, y2)

∥∥∥∥ ∂y∂y1 × ∂y

∂y2

∥∥∥∥dy1dy2
=
t

2

1

πt2

∫
B(x,t)

g(y)(
t2 − ∥y − x∥2

)1/2 dy, (2.50)

with y = (y1, y2, y3(y1, y2)), where y3(y) = (t2 − ∥y − x∥2)1/2, for y = (y1, y2) ∈ B(x, t), and where∥∥∥∥ ∂y∂y1 × ∂y

∂y2

∥∥∥∥ =

(
1 +

∥y − x∥2

t2 − ∥y − x∥2

)1/2

=
t(

t2 − ∥y − x∥2
)1/2 . (2.51)

Using this result in (2.49), for both the integrals of G and H , we obtain

u(x, t) =
1

2

∂

∂t

(
t2

1

|Bt|

∫
B(x,t)

g(y)

(t2 − ∥y − x∥2)1/2
dy

)
+
t2

2

1

|Bt|

∫
B(x,t)

h(y)

(t2 − ∥y − x∥2)1/2
dy.

(2.52)

As before, changing coordinates to obtain an integral over the unit sphere we obtain

t2
1

|Bt|

∫
B(x,t)

g(y)

(t2 − ∥y − x∥2)1/2
dy = t

1

|B1|

∫
B(0,1)

g(x+ zt)

(1− ∥z∥2)1/2
dz, (2.53)
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where z = (y − x)/t and so dy = tdz. The derivative term in (2.52) becomes

∂

∂t

(
t2

1

|Bt|

∫
B(x,t)

g(y)

(t2 − ∥y − x∥2)1/2
dy

)
=

∂

∂t

(
t

1

|B1|

∫
B(0,1)

g(x+ zt)

(1− ∥z∥2)1/2
dz

)
=

1

|B1|

∫
B(0,1)

g(x+ zt)

(1− ∥z∥2)1/2
dz +

t

|B1|

∫
B(0,1)

∇g(x+ zt) · z
(1− ∥z∥2)1/2

dz

=
t

|Bt|

∫
B(x,t)

g(y)

(1− ∥y − x∥2)1/2
dy +

t

|Bt|

∫
B(x,t)

∇g(y) · (y − x)

(1− ∥y − x∥2)1/2
dy.

(2.54)

Finally, replacing in (2.52), we obtain a solution of (2.46) known as Poisson's formula

u(x, t) =
1

2|Bt|

∫
B(x,t)

tg(y) + t2h(y) + t∇g(y) · (y − x)(
t2 − ∥y − x∥2

)1/2 dy, x ∈ R2, t > 0. (2.55)

The construction of the general representation formulas in Rn for n ≥ 4 can be obtained following

the same (albeit more complicated) methods. The general procedure is to first find the representation

formula for odd n, by converting the Euler-Poisson-Darboux PDE into a wave equation using a particular

transformation (see item d in Section 2.4 of [Eva10]), and then reduce it to the even case n − 1 by the

method of descent (see item e in Section 2.4 of [Eva10]).

Comparing (2.45) with (2.55) we notice that in the latter case, for n = 2 or even dimensions in general,

the dependence over the initial conditions is on the whole ball centred at x of radius t. As mentioned,

this is opposed to the behaviour one finds in n = 3, or for odd n > 1 in general, where the solution u

depends on the initial data g and h on the sphere centred at x of radius t. This domain of dependence

distinction as a function of evenness or oddness of dimension is known as Huygen's principle.

2.1.5 Nonhomogeneous Wave Equation

We now treat the nonhomogeneous wave-equation (2.2) for the n = 1 case, where the applied method

generalizes for n > 1. The goal is to obtain a solution of{
utt(x, t)− uxx(x, t) = f(x, t), (x, t) ∈ R× (0,+∞),

u(x, 0) = g(x), ut(x, 0) = h(x), x ∈ R.
(2.56)

We divide this process into two steps.

1. First, we show that a solution of (2.56) can be given by the sum of solutions of the following two

initial-value problems {
vtt(x, t)− vxx(x, t) = 0, (x, t) ∈ R× (0,+∞),

v(x, 0) = g(x), vt(x, 0) = h(x), x ∈ R,
(2.57)

which is a homogenous problem and for which we have a solution given by d'Alembert's formula

(2.13), and {
wtt(x, t)− wxx(x, t) = f(x, t), (x, t) ∈ R× (0,+∞),

w(x, 0) = 0, wt(x, 0) = 0, x ∈ R.
(2.58)
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This follows immediately from the linearity of (2.56). Let z(x, t) = v(x, t) + w(x, t) then for

(x, t) ∈ R× (0,∞) we have

ztt − zxx = vtt + wtt − vxx − wxx = vtt − vxx + wtt − wxx = f(x, t). (2.59)

Furthermore, z(x, 0) = v(x, 0)+w(x, 0) = g(x) and zt(x, 0) = vt(x, 0)+wt(x, 0) = h(x), concluding

that z is a solution of (2.56).

2. The initial-value problem (2.58) is also nonhomogeneous and we solve it using what is know

as Duhamel's method. First one constructs a parameterized family of solutions of the following

homogeneous initial-value problem{
w̃tt(x, t; s)− w̃xx(x, t; s) = 0, (x, t) ∈ R× (s,+∞),

w̃(x, s; s) = 0, w̃t(x, s; s) = f(x, s) x ∈ R,
(2.60)

with parameter s ∈ [0, t]. Then one shows that a solution of (2.58) is given by

w(x, t) =

∫ t

0

w̃(x, t; s)ds. (2.61)

To show this we first use d'Alembert's solution (2.13) for (2.60) obtaining

w̃(x, t; s) =
1

2

∫ x+t−s

x−(t−s)
f(y, s)dy. (2.62)

Now, following (2.61), we consider w(x, t) given by

w(x, t) =

∫ t

0

w(x, t; s)ds =
1

2

∫ t

0

∫ x+t−s

x−(t−s)
f(y, s)dyds =

1

2

∫ t

0

∫ x+s

x−s
f(y, t− s)dyds. (2.63)

Clearly w(x, 0) = 0 and by Leibniz's integral rule

wt(x, t) =
1

2

∫ x+t

x−t
f(y, 0)dy +

1

2

∫ t

0

∫ x+s

x−s
∂tf(y, t− s)dyds

= w̃(x, t; t) +

∫ t

0

w̃t(x, t; s)ds

=

∫ t

0

w̃t(x, t; s)ds,

(2.64)

where w̃(x, t; t) = 0 by (2.62). From 2.64 we obtainwt(x, 0) = 0which confirms the initial conditions

of (2.58) are satisfied by w. Differentiating, using Leibniz's integral rule again and also (2.60) we

have

wtt(x, t) = w̃t(x, t; t) +

∫ t

0

w̃tt(x, t; s)ds

= f(x, t) +

∫ t

0

w̃xx(x, t; s)ds

= f(x, t) + wxx(x, t),

(2.65)

confirming that (2.61) is indeed a solution of (2.58).
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Writing explicitly a solution of (2.56) using (2.13) , (2.61) and (2.62) we obtain

u(x, t) =
1

2

[
g(x+ t) + g(x− t)

]
+

1

2

∫ x+t

x−t
h(s)ds+

1

2

∫ t

0

(∫ x+t−s

x−(t−s)
f(y, s)dy

)
ds, (2.66)

for all x ∈ R and t ≥ 0. Equivalently we will frequently also write

u(x, t) =
1

2

[
g(x+ t) + g(x− t)

]
+

1

2

∫ x+t

x−t
h(s)ds+

1

2

∫ ∫
Tx,t

f(y, s)dy ds, (2.67)

where Tx,t denotes the triangle with vertices {(x, t), (x− t, 0), (x+ t, 0)}.

Remark 2.1.4.

(i) Via (2.66), to have a classical solution u ∈ C2(R × R+) we require that g ∈ C2(R), h ∈ C1(R), as in

d'Alembert's formula, and also that f ∈ C1(R× R+).

(ii) The introduction of the nonhomogenous term, or forcing term, f(x, t) increases the domain of dependence to

the whole characteristic triangle Tx,t when compared to d'Alembert's formula. At any point in the domain

of dependence the forcing term could introduce a disturbance which propagates to (x, t).

Remark 2.1.5. A certain integral norm, which usually corresponds to energy in physical systems, is extremely

useful to prove properties of solutions, such as uniqueness, domain of dependence and finite speed of propagation,

bypassing the laborious construction of representation formulas. For a brief overview of some basic results in this

regard see (A.1.2) in Appendix.
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3
Nonlinear Wave Equation

Unlike the linear case of the previous chapter, there are no representation formulas for nonlinear

wave equations in any generality. The behaviour of solutions of the IVP (1.3) in the nonlinear case can

be extremely sensitive to initial conditions, the type of nonlinearity and dimension. Depending on these

choices, solutions may exhibit very different phenomena, blow-up in finite time in some settings and

global existence in others.

In this chapter, we briefly overview some basic results regarding local well-posedness and global

existence of solutions to the following IVP for semilinear and quasilinear wave equations{
□u(x, t) = ϕ(x, t, u, u′, u′′),

u(x, 0) = f(x), ut(x, 0) = g(x), x ∈ Rn.
(3.1)

For fairly general conditions on ϕ, f and g, the IVP (3.1) satisfies local well-posedness in any dimension

n.

Global existence however, besides conditions on ϕ, f and g, remarkably depends on the dimension

as well. For n ≤ 3, there are classes of nonlinearities ϕ which do not admit global in time solutions,

independently of how small the initial data is and despite it having compact support. The case n = 3

will be the main topic of Chapter 4. In contrast, for n ≥ 4, semilinear wave equations exhibit small data

global existence for a larger class of nonlinearities.

For n = 3 there is a class of nonlinearities ϕ, said to satisfy the null condition, for which global in

time solutions exist for sufficiently small initial data.

Results stated in this chapter mainly follow [Sog95], [Rin] and [Luk].

3.1 Local well-posedness

The following theorem establishes well-posedness of the IVP (3.1) for quasilinear wave equations

under certain assumptions (Theorems 4.1 and 4.3 in Chapter I of [Sog95]).
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Theorem 3.1.1. Consider the following initial value problem{∑n
α,β=0 g

αβ(u, u′)∂α∂βu = F (u, u′),

u(x, 0) = f(x), ut(x, 0) = g(x), x ∈ Rn
(3.2)

for 0 ≤ α, β ≤ n, where gαβ and F are C∞ with all derivatives O(1) and f, g ∈ C∞
0 (Rn). Assume also that

F (0, 0) = 0 and ∑
α,β

|gαβ − gαβ0 | < 1

2
, (3.3)

where gαβ0 = diag(1,−1, ...,−1). Then there is aT > 0 such that (3.2) has a unique solution u ∈ C∞([0, T ]×Rn).

If T∗ denotes the supremum of such times T , then either T∗ = ∞ or∑
|k|≤(n+6)/2

∣∣∂ku(x, t)∣∣ /∈ L∞([0, T∗)× Rn). (3.4)

Proof. See Theorems 4.1 and 4.3 in Chapter I of [Sog95]. ■

Remark 3.1.1. Condition (3.3) allows for small disturbances of the wave operator close to the Minkowski metric.

Equivalently, the second order terms are only slightly perturbed compared to □u.

This result can be generalized for initial conditions in certain Sobolev spaces, in particular for (f, g) ∈

Hs+1×Hs with s ≥ n+2, which is the version of Theorem 4.1 in Chapter I of [Sog95]. In any case, in the

present work, we will restrict ourselves to sufficiently regular initial conditions with compact support.

Interestingly enough, the following proposition from [Rin] in 1+1 dimensions shows a counterexam-

ple to local existence.

Proposition 3.1.2. Consider the following IVP in 1+1 dimensions{
utt − uxx = u2t ,

u(0, x) = f(x), ut(0, x) = g(x) x ∈ R.
(3.5)

There is initial data f, g ∈ C∞(R) such that for any ϵ > 0, there is no u ∈ C∞([−ϵ, ϵ]× R) solving (3.5).

Proof. First, we construct a solution of (3.5) which does not depend on x, i.e. such that utt = (ut)
2. Let

ut(0) = k > 0 then ∫ t

0

uss
u2s

ds =

∫ t

0

1 ds, (3.6)

and we have
1

k
− 1

ut
= t, ⇔ ut =

k

1− kt
. (3.7)

Integrating again, we obtain

u(x, t) = u(x, 0)− log(1− kt). (3.8)

Thus, if we set f(x) = 0, (3.8) gives a solution of (3.5) which blows-up at t = 1/k.
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Let a ∈ R, if we set f(x) = 0 and g(x) = k in [a−1/k, a+1/k], then u(x, t) = − log(1−kt) is the unique

solution of (3.5) within the cone K(a, 1/k) (see the uniqueness Theorem 14 of [Rin]), which blows-up at

t = 1/k. Let ψ ∈ C∞
0 (R) be a mollifier satisfying

ψ(x) =

{
1, |x| ≤ 1,

0, |x| ≥ 2.
(3.9)

Let k ∈ N, and define

gk(x) := kψ(x− 4k). (3.10)

Then, gk(x) = k for x ∈ [4k − 1/k, 4k + 1/k]. Letting f(x) = 0 and

g(x) =

∞∑
k=1

gk(x), (3.11)

then g ∈ C∞(R) with g(x) = k for x ∈ [4k− 1/k, 4k+ 1/k]. In particular, g is smooth since, fixing x ∈ R,

g(x) ̸= 0 only within the support of gk for a unique k. With this initial data, any solution u of (3.5) must

blow-up in time 1/k for any k ≥ 1, proving there is no local solution. ■

The following figure (Fig. 3.1) shows a visual idea of the proof. At the basis of each cone, centred at

4k with radius 1/k, the solution satisfies (3.8), with u(x, 0) = f(x) = 0, and blows-up in time t = 1/k for

any k ≥ 1.

Figure 3.1: Idea behind the proof of Proposition 3.1.2 with k = 1, 2, 3, 4.

Naturally, this result does not contradict Theorem 3.1.1 since in this case F ′(ut) = 2ut is not bounded,

i.e. F ′ /∈ O(1), and the initial data does not have compact support. In particular, both conditions

contribute to the obstruction to local existence in this example.

3.2 Global existence

The following theorem states that solutions to certain quasilinear wave equations in n+1 dimensions

can be extended globally for n ≥ 4 (Theorem 2.1 in Chapter II of [Sog95]).
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Theorem 3.2.1. Let n ≥ 4 and consider the following initial value problem{∑n
α,β=0 g

αβ(u′)∂α∂βu = F (u′),

u(x, 0) = ϵf(x), ut(x, 0) = ϵg(x), x ∈ Rn,
(3.12)

for 0 ≤ α, β ≤ n, where gαβ and F are C∞ and f, g ∈ C∞
0 (Rn). Assume also that

n∑
α,β=0

gαβ(0)∂α∂β = □, F (0) = 0, F ′(0) = 0. (3.13)

Then, there exists sufficiently small ϵ > 0 such that (3.12) admits a global C∞ solution.

Proof. See Theorem 2.1 of Chapter II in [Sog95]. ■

For n = 3, for the nonlinearities considered in (3.12), there is no such result. In particular, for n = 3,

Fritz John proves in [Joh85a] that, for a large class of nonlinearities, solutions of (3.1) blow-up in finite

time, see Theorems 4.3.1 and 4.3.2. A well known example of blow-up in finite time in 3 + 1 dimensions

is given by the following equation

□u = (ut)
2, (3.14)

for non-trivial initial data of compact support. We cover this example in detail in Proposition 4.2.1 which

motivates the study of (1.4) in Chapter 5.

The following theorem, Theorem 2.2 in Chapter II of [Sog95], provides lower bounds for the time of

existence for solutions of (3.12) when n ≤ 3.

Theorem 3.2.2. There exists a constant c > 0, depending only on (f, g) ∈ C∞
0 (Rn), such that for small ϵ > 0

the IVP (3.12) has a smooth solution for 0 ≤ t ≤ Tϵ, where

Tϵ =


ec/ϵ, n = 3

(c/ϵ)2, n = 2

c/ε, n = 1.

(3.15)

Proof. See Theorem 2.2 of Chapter II in [Sog95]. ■

This is coined as an almost global existence result for n = 3 since the lower bound Tϵ grows expo-

nentially as the size of the initial data decreases by taking smaller ϵ.

In 3+1 dimensions however there are certain nonlinearities ϕ, those said to satisfy the null-condition,

for which solutions of (3.1) can be extended globally. This idea was introduced by Klainerman in [Kla80]

and leads to the following definition

Definition 3.2.1. (Null Condition)

Consider the quadratic form

Q(ϕ, ψ) =
∑
α,β

qαβ∂αϕ∂βψ, (3.16)
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for fixed constants qαβ ∈ R and ϕ, ψ ∈ R4. We say that Q satisfies the null condition if

Q(ξ, ξ) = qαβξαξβ = 0, whenever mαβξαξβ = −ξ20 + ξ21 + ξ22 + ξ23 = 0, (3.17)

where mαβ corresponds to the Minkowski metric. Equivalently, Q vanishes when evaluated on null vectors with

respect to the Minkowski metric.

We have the following theorem from [Sog95]

Theorem 3.2.3. Let n = 3 and consider the following IVP{
□u = Q(u′, u′),

u(x, 0) = ϵf(x), ut(x, 0) = ϵg(x), x ∈ R3
(3.18)

where Q is a quadratic form satisfying the null condition. Then, for fixed f, g ∈ C∞(R3), there exists sufficiently

small ϵ > 0 such that (3.17) admits a global smooth solution.

Proof. See Theorem 5.1 of Chapter II in [Sog95]. ■

As a trivial check notice that F = (ut)
2 does not satisfy the null condition since we can write it as

a quadratic form Q corresponding to the matrix diag(1, 0, 0, 0) which fails to satisfy (3.17), consider for

example the vector (1, 1, 0, 0).

To finalize this Chapter, we do a straightforward extension of the Euler-Poisson-Darboux Lemma 2.26

for (3.1), which will be required in the blow-up proof of the following Chapter.

3.3 Euler-Poisson-Darboux Equation (Quasilinear case)

Corollary 3.3.1. (Euler-Poisson-Darboux Equation (Quasilinear case))

Fix x ∈ Rn and let u satisfy (3.1) globally. Then, u satisfies{
utt(r, t)− urr(r, t)− n−1

r ur(r, t) = ϕ(x, t, u, u′, u′′), in R+ × (0,∞)

u(r, 0) = g(r), ut(r, 0) = h(r), in R+

(3.19)

Proof. Fix x ∈ Rn and let u be a globally defined solution of (3.1). Taking the spherical average of the

wave equation in (3.1) we have as before utt = utt and, from (2.29) and (2.30), we now have

ur(x; r, t) =
r

n

1

|Br|

∫
B(x,r)

∆u(y, t) dy

=
r

n

1

|Br|

∫
B(x,r)

(utt(y, t)− ϕ(y, t, u, u′, u′′)) dy

=
1

nα(n)rn−1

∫ r

0

(∫
∂B(x,s)

(utt(y, t)− ϕ(y, t, u, u′, u′′)) dy

)
ds

(3.20)

As before, passing the rn−1 term to the other side and differentiating both sides of (3.20) with respect to

r, we obtain

(rn−1ur)r =
rn−1

|∂Br|

∫
∂B(x,r)

(utt(y, t)− ϕ(y, t, u, u′, u′′)) dy. (3.21)

22



which leads to

(n− 1)rn−2ur + rn−1urr = rn−1
(
utt − ϕ(x, t, u, u′, u′′)

)
, (3.22)

and finally to

utt − urr −
n− 1

r
ur = ϕ(x, t, u, u′, u′′), (3.23)

for (r, t) ∈ R+ × (0,∞). ■

Consider now n = 3 and let v(r, t) := ru(r, t). Then, v satisfies
vtt − vrr = rϕ, (r, t) ∈ R+ × (0,+∞),

v(r, 0) = rg(r), vt(r, 0) = rh(r), r ∈ R+,

v(0, t) = 0, t ∈ (0,+∞).

(3.24)

Assuming u is a given solution of (3.1), we can view ϕ as a forcing term ϕ(r, t), making (3.24) a linear

nonhomogeneous wave equation with solution given by (2.67), i.e.

v(r, t) =
1

2

[
g(r + t) + g(r − t)

]
+

1

2

∫ r+t

r−t
h(s)ds+

1

2

∫ ∫
Tr,t

ρϕ(ρ, τ)dρ dτ, (3.25)

resulting in

u(r, t) =
1

2r

[
g(r + t) + g(r − t)

]
+

1

2r

∫ r+t

r−t
h(s)ds+

1

2r

∫ ∫
Tr,t

ρϕ(ρ, τ)dρ dτ. (3.26)

We will make use of this observation in the proof of blow-up of the following chapter.
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4
Blow-up for Quasilinear Wave
Equations in 3+1 Dimensions

In this chapter we consider the following initial value problem for a quasi-linear wave equation{
□u = ϕ(x, t, u, u′, u′′),

u(x, 0) = f(x), ut(x, 0) = g(x), x ∈ R3,
(4.1)

with solution u(x, t) := u(x1, x2, x3, t) and where u′, u′′ represents, respectively, the vector of all first

order derivatives of u and the vector of all second order derivatives of u.

Before looking at the proof of the main theorem, regarding blow-up, we first establish a uniqueness

result, in Rn, which will be required in its proof. For this next section we follow Theorems 4 and 4a from

[Joh85a] and also a set of notes by Peter Constantin [Con] covering the same results.

4.1 Uniqueness Theorem for nonlinear wave equations (Theorems 4
and 4a of [Joh85a])

The following theorem states that, if the initial data in a ball centred at x0 ∈ Rn of radius a ∈ R+ is

trivial and the non-linearity ϕ satisfies (4.2) then the solution will remain trivial within the coneK(x0, a),

i.e. u = 0 is the only possible solution within the cone. This is essentially an extension of Theorem A.1.2

for the quasilinear case.

Theorem 4.1.1. Let ϕ(x, t, u, u′, u′′) be a C2 function of its arguments satisfying

ϕ(x, t, 0, 0, u′′) = 0, ∀x, t, u′′. (4.2)

Let u be a C2 solution of the equation

□u = ϕ(x, t, u, u′, u′′), (4.3)

in the cone

K(x0, a) = {(x, t) | ∥x− x0∥+ t ≤ a; t ≥ 0}, (4.4)
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for some x0 ∈ Rn, a ∈ R+, with initial conditions

u(x, 0) = ut(x, 0) = 0, for ∥x− x0∥ < a. (4.5)

Then u(x, t) = 0 in the cone K(x0, a).

Proof. The main idea of the proof is to show that u′ = 0 in K(x0, a) by checking that this is so over

each leaf of a hyperboloidal foliation of K(x0, a), concluding then that u = 0 in the cone via the initial

conditions (4.5).

Consider a foliation of the interior of the cone K(x0, a) by a parametrized family of hyperboloid

surfaces Sλ, radially symmetric about x0, given by

Sλ := {(x, t) | ∥x− x0∥ < a; t = ψ(x, λ)}, (4.6)

where

ψ(x, λ) :=
2λ(a2 − ∥x− x0∥2)

a2 + λ2 +
√
(a2 − λ2)2 + 4λ2∥x− x0∥2

, with 0 ≤ λ < a. (4.7)

Notice that ψ(x, λ) ≥ 0 and that it shares, for all λ, the boundary of

S0 := {(x, t) | ∥x− x0∥ < a; t = 0}. (4.8)

See Figure 4.1 for an example in the n = 1 case for two different values of λ.

Figure 4.1: The cone K(x0, a), Sλ and Rλ for λ = 0.5 (left) and λ = 0.8 (right) in 1+1 dimensions.

Remark 4.1.1. The hyperboloid surfaces Sλ are, for all λ, non-characteristic with respect to □. We will comment

after the proof on why this is required.

For this particular choice of the surface ψ(x, λ) we have the following properties

|ψ(x, λ)| ≤ λ < a, for ∥x− x0∥ < a, (4.9)

|∂λψ(x, λ)| ≤ 1, for ∥x− x0∥ < a, (4.10)

θ :=

n∑
i=1

(∂xiψ)
2 ≤

(
2λa

a2 + λ2

)2

< 1. (4.11)
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The proof of these properties can be found in Appendix A, see (A.2.1), (A.2.2) and (A.2.3).

Consider now the region

Rλ := {(x, t) | ∥x− x0∥ < a, 0 ≤ t ≤ ψ(x;λ)}, (4.12)

which corresponds to the region below Sλ down to S0 (see again Fig. 4.1) and define the vector field X

given by

X(x,t) :=
(
−2ut∇xu, u

2
t + ∥∇xu∥2

)
, (4.13)

with divergence given by

∇ ·X = −2
∑
i

∂i(ut∂iu) + ∂t(u
2
t + ∥∇xu∥2)

= 2ututt + 2
∑
i

uiuti − 2
∑
i

uitui − 2ut
∑
i

uii

= 2ut(utt −
∑
i

uii)

= 2ut□u,

(4.14)

where we use the fact that u is C2 and thus uit = uti. Integrating on Rλ and using the divergence

theorem we obtain

2

∫
Rλ

ut□u dxdt = 2

∫
Rλ

∇ ·X dxdt

=

∫
S0

X · n̂0 dS0 +

∫
Sλ

X · n̂λ dSλ.
(4.15)

From (4.5) we have X = 0 at S0 therefore the first integral vanishes. The unit normal n̂λ is the unit

normal to the surface given by the level curve F (x, t;λ) = t− ψ(x;λ) = 0 and thus

n̂λ =
∇(x,t)F

∥∇(x,t)F∥
=

(−∇xψ(x;λ), 1)√
1 +

∑
i(∂iψ(x;λ))

2
. (4.16)

Therefore, from (4.15), we have

2

∫
Rλ

ut□u dxdt =
∫
Sλ

X · n̂λ dSλ

=

∫
Sλ

X · (−∇xψ(x;λ), 1)√
1 +

∑
i(∂iψ(x;λ))

2
dSλ

=

∫
Sλ

(
u2t + ∥∇xu∥2 + 2

∑
i

(∂iψ)ut∂iu

)
dSλ√

1 +
∑
i(∂iψ(x;λ))

2

=

∫
Sλ

(
u2t + ∥∇xu∥2 + 2

∑
i

(∂iψ)ut∂iu

)
dS′

λ,

(4.17)

where we define

dS′
λ =

dSλ√
1 +

∑
i(∂iψ(x;λ))

2
. (4.18)

Since
∑
i(∂iψ)ut∂iu = ∇xψ · (ut∇xu) by Cauchy-Schwartz's inequality we obtain

∇xψ · (ut∇xu) ≤ |∇xψ · (ut∇xu)| ≤ ∥∇xψ∥∥ut∇xu∥ = |ut|∥∇xψ∥∥∇xu∥, (4.19)
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and thus

∇xψ · (ut∇xu) ≥ −|∇xψ · (ut∇xu)| ≥ −|ut|∥∇xψ∥∥∇xu∥, (4.20)

which, from (4.17), leads to

2

∫
Rλ

ut□u dxdt =
∫
Sλ

(
u2t + ∥∇xu∥2 + 2

∑
i

(∂iψ)ut∂iu

)
dS′

λ

≥
∫
Sλ

(
u2t + ∥∇xu∥2 − 2|ut|∥∇xψ∥∥∇xu∥

)
dS′

λ.

(4.21)

We further have

(|ut| − ∥∇xu∥)2 = u2t + ∥∇xu∥2 − 2|ut|∥∇xu∥ ≥ 0

⇔ u2t + ∥∇xu∥2 ≥ 2|ut|∥∇xu∥

⇔ −(u2t + ∥∇xu∥2) ≤ −2|ut|∥∇xu∥

⇔ −
√
θ(u2t + ∥∇xu∥2) ≤ −2

√
θ|ut|∥∇xu∥ = −2|ut|∥∇xψ∥∥∇xu∥,

(4.22)

for θ as defined in (4.11). Thus, from (4.21) and (4.22) we obtain∫
Sλ

(u2t + ∥∇xu∥2 − 2|ut|∥∇xψ∥∥∇xu∥) dS′
λ ≥

∫
Sλ

∥u′∥2(1−
√
θ)dS′

λ

≥ (a− λ)2

a2 + λ2

∫
Sλ

∥u′∥2dS′
λ

(4.23)

where we used (4.11) to compute

1−
√
θ ≥ 1− 2λa

a2 + λ2
=

(a− λ)2

a2 + λ2
. (4.24)

Returning to (4.17) and using (4.3) we conclude that

2

∫
Rλ

utϕdxdt = 2

∫
Rλ

ut□u dxdt

≥ (a− λ)2

a2 + λ2

∫
Sλ

∥u′∥2dS′
λ

≥ (a− λ)2√
2(a2 + λ2)

∫
Sλ

∥u′∥2dSλ,

(4.25)

using again (4.11) to obtain dS′
λ ≥ (1/

√
2)dSλ, defined in (4.18).

To proceed we use the fact that there exists a constant M , depending on u, s.t.

|ϕ(x, t, u, u′, u′′)| ≤M
√
|u|2 + a2∥u′∥2, ∀ (x, t) ∈ K(x0, a). (4.26)

This follows from (4.2), the proof of this fact can be seen in Appendix A, see (A.2.4). Defining

I(λ) :=

∫
Sλ

∥u′∥2dSλ, (4.27)
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by (4.25) and (4.26) we have

I(λ) =

∫
Sλ

∥u′∥2dSλ ≤ 2
√
2(a2 + λ2)

(a− λ)2

∫
Rλ

utϕdxdt

≤ 2
√
2(a2 + λ2)

(a− λ)2

∫
Rλ

|ut||ϕ|dxdt

≤ 2
√
2M(a2 + λ2)

(a− λ)2

∫
Rλ

|ut|
√
|u|2 + a2∥u′∥2 dxdt.

(4.28)

Now, since
a2u2t ≤ u2 + a2(u2t + ∥∇xu∥2) = u2 + a2∥u′∥2

⇔ |ut| ≤
1

a

√
u2 + a2∥u′∥2,

(4.29)

we further obtain

I(λ) ≤ 2
√
2M(a2 + λ2)

(a− λ)2

∫
Rλ

|ut|
√
|u|2 + a2∥u′∥2 dxdt

≤ 2
√
2M(a2 + λ2)

a(a− λ)2

∫
Rλ

u2 + a2∥u′∥2 dxdt.
(4.30)

From the fundamental theorem of calculus and Cauchy-Schwartz's inequality we have

u2(x, t) = 2

∫ t

0

u(x, s)us(x, s)ds ≤ 2

(∫ t

0

u2ds

)1/2(∫ t

0

u2sds

)1/2

. (4.31)

Integrating once more from 0 to ψ and considering the integrals on the right hand side up to time

t = ψ(x;λ), since the integrand is non-negative, we obtain∫ ψ

0

u2dt ≤
∫ ψ

0

[
2

(∫ t

0

u2ds

)1/2(∫ t

0

u2tds

)1/2
]
dt

≤
∫ ψ

0

[
2

(∫ ψ

0

u2ds

)1/2(∫ ψ

0

u2tds

)1/2
]
dt

= 2ψ

(∫ ψ

0

u2ds

)1/2(∫ ψ

0

u2tds

)1/2

.

(4.32)

Squaring both sides and assuming (
∫ ψ
0
u2dt) ̸= 0 we obtain∫ ψ

0

u2dt ≤ 4ψ2

∫ ψ

0

u2tdt. (4.33)

If however (
∫ ψ
0
u2dt) = 0 the relation remains valid. Thus, since ψ < a from (4.9),∫ ψ

0

u2dt ≤ 4ψ2

∫ ψ

0

u2tdt ≤ 4a2
∫ ψ

0

u2tdt. (4.34)

Returning to (4.30) and using (4.34) we have

I(λ) ≤ 2
√
2M(a2 + λ2)

a(a− λ)2

∫
Rλ

u2 + a2∥u′∥2dxdt

≤ 2
√
2M(a2 + λ2)

a(a− λ)2

[ ∫
∥x−x0∥<a

(∫ ψ

0

u2dt

)
dx+

∫
Rλ

a2∥u′∥2dxdt
]

≤ 2
√
2M(a2 + λ2)

a(a− λ)2

[ ∫
∥x−x0∥<a

(
4a2

∫ ψ

0

u2tdt

)
dx+

∫
Rλ

a2∥u′∥2dxdt
]
,

(4.35)
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Now, from u2t ≤ ∥u′∥2, we obtain

I(λ) ≤ 2
√
2M(a2 + λ2)

a(a− λ)2

[
5a2

∫
Rλ

∥u′∥2dxdt
]

=
10
√
2Ma(a2 + λ2)

(a− λ)2

∫
Rλ

∥u′∥2dxdt

=
10
√
2Ma(a2 + λ2)

(a− λ)2

∫
∥x−x0∥<a

(∫ ψ(x;λ)

0

∥u′∥2dt

)
dx.

(4.36)

Define

c(λ) :=
10
√
2Ma(a2 + λ2)

(a− λ)2
. (4.37)

For fixed x and considering t = ψ(x, µ), we proceed from (4.36) by integrating instead along µ up to λ

by taking dt = ψµdµ which gives

I(λ) ≤ c(λ)

∫
∥x−x0∥<a

(∫ ψ(x;λ)

0

∥u′∥2dt

)
dx

= c(λ)

∫
∥x−x0∥<a

(∫ λ

0

ψµ∥u′(x, ψ(x, µ))∥2dµ

)
dx

= c(λ)

∫ λ

0

(∫
∥x−x0∥<a

ψµ∥u′(x, ψ(x, µ))∥2dx

)
dµ

= c(λ)

∫ λ

0

(∫
S0

ψµ∥u′(x, ψ(x, µ))∥2dx
)
dµ.

(4.38)

Using (4.10) we have

I(λ) ≤ c(λ)

∫ λ

0

(∫
S0

ψµ∥u′(x, ψ(x, µ))∥2dx
)
dµ

≤ c(λ)

∫ λ

0

(∫
S0

∥u′(x, ψ(x, µ))∥2dx
)
dµ

≤ c(λ)

∫ λ

0

∫
S0

∥u′(x, ψ(x, µ))∥2
√1 +

∑
i

(∂iψ(x;λ))2

 dx

 dµ

= c(λ)

∫ λ

0

(∫
Sµ

∥u′(x, ψ(x, µ))∥2dSµ

)
dµ

≤ c(λ)

∫ λ

0

I(µ)dµ,

(4.39)

recalling the definition of I(λ). We have then

I(λ) ≤ c(λ)

∫ λ

0

I(µ)dµ. (4.40)

Let us suppose that I(µ) does not vanish on some open set contained in [0, λ]. Since I(0) = 0, using the
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fundamental theorem of calculus we can write

∂λ

(∫ λ
0
I(µ)dµ

)
∫ λ
0
I(µ)dµ

≤ c(λ)

⇔ ∂λ

(
log

(∫ λ

0

I(µ)dµ

))
≤ c(λ).

(4.41)

Integrating in λ from ϵ to λ s.t. 0 < ϵ < λ < a we have∫ λ

ϵ

∂αlog

(∫ α

0

I(µ)dµ

)
dα ≤

∫ λ

ϵ

c(α)dα

⇔ log

(∫ λ

0

I(µ)dµ

)
≤
∫ λ

ϵ

c(α)dα+ log

(∫ ϵ

0

I(µ)dµ

)
⇔

∫ λ

0

I(µ)dµ ≤
(∫ ϵ

0

I(µ)dµ

)
exp

(∫ λ

ϵ

c(α)dα

)
.

(4.42)

Taking the limit ϵ → 0 we obtain
∫ λ
0
I(µ)dµ ≤ 0, since the exponential part is bounded. Furthermore,

because I(µ) ≥ 0, we conclude that I(µ) = 0 for 0 ≤ µ ≤ λ and thus ∥u′∥ = 0 in Sλ for any λ ∈ [0, a).

Again, from the continuity of u we have ∥u′∥ = 0 in the whole cone K(x0, a) and thus u is constant in

K(x0, a). By the initial condition u(x, 0) = 0, we finally conclude that u(x, t) = 0 in K(x0, a). ■

Remark 4.1.2. Fritz John refers to Theorem 4.1.1 as a uniqueness result throughout [Joh85a]. As far as we

understand this is specifically for trivial initial conditions in the base of the cone, implying that u ≡ 0 is the only

possible solution in the cone, i.e. no outside information reaches inside the cone (v ≤ 1). As far as we can tell this

does not extend immediately for non-trivial conditions since, given two solutions u and v inside the cone, it is not

clear one can write (4.3) in w := u− v. In particular, we would need to write (4.26) in w.

Regarding Remark 4.1.1: Suppose we have a foliation of K(x0, a) by characteristics of □, i.e. in

equation (4.15) the term given by ∫
Sλ

X · n̂λdSλ, (4.43)

where X = (−2ut∇xu, u
2
t + ∥∇xu∥2), is now over an Sλ which is given by

t = ψ(x;λ) = λ− ∥x− x0∥. (4.44)

Consider the function z(x, t;λ) and a level surface of it, corresponding to Sλ, given by

z(x, t;λ) = t+ ∥x− x0∥ − λ = 0. (4.45)

The exterior normal vector to this surface is given by

n̂ =
∇(x,t)z

∥∇(x,t)z∥
=

1√
2

(
xi − x0,i
∥x− x0∥

, 1

)
, i = 1, ..., n. (4.46)
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Then (4.43) becomes∫
Sλ

X · n̂λdSλ =
1√
2

∫
Sλ

u2t + ∥∇xu∥2 − 2ut
∑
i

ui

(
xi − x0,i
∥x− x0∥

)
dSλ

=
1√
2

∫
Sλ

u2t + ∥∇xu∥2 + 2ut
∑
i

ui∂iψ(x;λ)dSλ

≥ 1√
2

∫
Sλ

∥u′∥2(1−
√
θ)dSλ,

(4.47)

using the exact same computations applied before in order to obtain (4.23). However, for this new ψ, we

have

θ =
∑
i

(∂iψ)
2 = 1, (4.48)

instead of (4.11). The integral on ∥u′∥2 now vanishes and we no longer have control over it.

Reversing condition (4.5), i.e. placing a trivial initial condition outside a ball of finite radius R > 0,

or rather having initial conditions with compact support, leads immediately to the following corollary

to Theorem 4.1.1.

Corollary 4.1.2. Assume ϕ satisfies the conditions of Theorem 4.1.1 and let u be a C2 solution of

□u = ϕ(x, t, u, u′, u′′), (4.49)

in the slab

x ∈ Rn, 0 ≤ t < T. (4.50)

Assume further that

u(x, 0) = ut(x, 0) = 0, for ∥x∥ ≥ R. (4.51)

Then

u(x, t) = 0, for 0 ≤ t < T, ∥x∥ ≥ R+ t. (4.52)

The following figure, Figure 4.2, shows the idea of Corollary 4.1.2.

Figure 4.2: Picture of Corollary 4.1.2 for initial conditions with compact support in B(0, R).
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Theorem 4.1.1 states that information outsideB(x0, a), the base of the cone, does not reach inside the

cone, i.e. the speed of propagation v satisfies v ≤ 1. Thus, assuming the existence of a solution u ∈ C2 of

(4.3), and provided the non-linearity ϕ satisfies (4.2), we have finite speed of propagation for quasilinear

wave equations.

In the next section, before looking at the proof of blow-up in 3+1 dimensions by Fritz John in its

general form, we first study a particular example, equation (1.5), which falls in the setting of that result.

This serves as a an introduction to the main ideas of the proof without the extra details of the general

case.

For the remainder of this Chapter, we will further assume that, on linearizing (4.1) in a neighbourhood

of the trivial solution u = 0, one recovers the classical wave equation, i.e.

□u = 0. (4.53)

Expanding ϕ up to linear order at u = 0, u′ = 0 and u′′ = 0, we have

ϕ(x, t, u, u′, u′′) ≈ ϕ(x, t, 0, 0, 0) +
∂ϕ

∂u

∣∣∣∣
(x,t,0,0,0)

· u+
∂ϕ

∂u′

∣∣∣∣
(x,t,0,0,0)

· u′ + ∂ϕ

∂u′′

∣∣∣∣
(x,t,0,0,0)

· u′′. (4.54)

Thus, to verify (4.53), we assume that ϕ satisfies the following

ϕ =
∂ϕ

∂u
= 0,

∂ϕ

∂u′
= 0,

∂ϕ

∂u′′
= 0, at (x, t, 0, 0, 0), (4.55)

i.e. that ϕ is at least quadratic in u, u′ and u′′. Additionally, this allows u ≡ 0 to be a solution of (4.1).

4.2 Blow-up of solutions of □v = v2t in 3+1 dimensions

We are interested in understanding blow-up phenomena of solutions to the initial value problem

associated to the following semilinear wave equation in 3+1 dimensions

□v = (vt)
2, (4.56)

for initial data u|t=0 and ut|t=0 of compact support. We first provide a brief outline, without details,

of the main ideas in the proof of this particular example. To this end we follow the general proof of

Theorem 1 of [Joh85a] by Fritz John. The general case is treated in Section 4.3.

1. Let v be a global C3 solution of the IVP associated to equation (4.56). This IVP falls within the

setting of Corollary 4.1.2. From it, we obtain

v(x, t) = 0, for ∥x∥ > t+R, t ≥ 0, (4.57)

whereR corresponds to the radius of a ball containing the compact support of the initial conditions,

see again Fig. 4.2.
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2. The spherical average of □v = v2t leads to the 1+1-dimensional equation □(rv) = rv2t , by (3.19). By

Duhamel's principle (3.26) this equation has the following solution in 1+1 dimensions

v(r, t) = v0(r, t) +

∫ ∫
Tr,t

ρ

2r
v2t (ρ, τ)dρdτ. (4.58)

3. Fixing (r, t) ∈ Σ from now on, where Σ = {(r, t) | r + R < t < 2r}, by symmetry considerations

and the fact that v0(r, t) = 0 for (r, t) ∈ Σ, we can write the above equation as

v(r, t) =

∫ ∫
T∗
r,t

ρ

2r
v2τ (ρ, τ)dρdτ, (r, t) ∈ Σ, (4.59)

where T ∗
r,t is the trapezoid with vertices {(r, t), (0, t − r), (t − r, 0), (t + r, 0)}. For a sketch of the

regions under consideration see Fig. (4.3).

4. Letting c := t − r, which satisfies R < c < r, we consider another region Sr,t ⊂ T ∗
r,t such that, by

applying Cauchy-Schwarz's inequality to (4.59), we obtain

v(r, t) ≥
∫ ∫

Sr,t

ρ

2r
v2τ (ρ, τ)dρdτ ≥

∫ r

c

∫ ρ+c

ρ−R

ρ

2r
vτ

2(ρ, τ)dτdρ, for R < c < r. (4.60)

For a sketch of Sr,t in this context see Fig. (4.4).

5. In the Sr,t region, since v ∈ C2 and v(ρ, τ) = 0 for τ ≤ ρ−R, we have v(ρ, ρ−R) = vτ (ρ, ρ−R) = 0.

Using the fundamental theorem of calculus we have then

v(ρ, ρ+ c) =

∫ ρ+c

ρ−R
∂τv(ρ, τ)dτ =

∫ ρ+c

ρ−R
vτ (ρ, τ)dτ.

Using Cauchy-Schwarz's inequality in the above equation we obtain the following relation

1

Γ(c)
v2(ρ, ρ+ c) ≤

∫ ρ+c

ρ−R
vτ

2(ρ, τ)dτ, (4.61)

with Γ(c) > 0.

6. Using (4.60) and (4.61), along the characteristic (r, c+ r) we obtain

v̄(r, c+ r) ≥ 1

2rΓ(c)

∫ r

c

ρv2(ρ, ρ+ c)dρ. (4.62)

Defining

α(r) := v(r, c+ r), β(r) :=

∫ r

c

ρα2(ρ)dρ ≥ 0, (4.63)

one can obtain, from (4.62), the following ODE type inequality

β′(r) = rα2(r) ≥ 1

4rΓ2
β2(r) ≥ 0, for r > c > R. (4.64)

This is the crucial point, along the characteristic (r, c+ r), within Σ, one can study the solutions of

the starting wave equation via this ODE type inequality.
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7. From this last inequality, one can show by a contradiction argument that a global C2 solution v of

the IVP (4.56) must be zero along the characteristic t = r + c, for any (r, t) ∈ Σ with R < c < r,

concluding that v(r, t) = 0 for (r, t) ∈ Σ.

8. This fact, together with (4.59), allows us to conclude that in the region ∥x∥+ t > R, with t > 0, we

have vt(x, t) = 0. This implies, via the starting wave-equation of the IVP, that ∆v(x, t) = 0 in this

same region.

9. Using ∆v(x, t) = 0 and a fixed t > R, by the divergence theorem and the fact that v(x, t) has

compact support in x for a fixed t, we conclude that v(x, t) = 0 for x ∈ R3 and t > R.

10. The behaviour of the solution in the remaining region T0,R, i.e. the triangle with vertices

{(−R, 0), (0, R), (R, 0)}, can be obtained by time-reversing the wave equation from t = R to t = 0

and using again the uniqueness result (4.1.2), showing that v(x, t) = 0 for x ∈ R3 and t ≥ 0 if v is a

global C2 solution of □v = v2t .

To conclude, this result shows that a global C2 solution v of the IVP (4.56) must vanish in R3 × R+.

This in turn implies, if one considers the IVP with non-trivial initial conditions, that blow-up must occur

in finite time since there can be no non-vanishing C2 solution defined for all t ≥ 0. We prove this in

detail in the following proposition.

Proposition 4.2.1. Let v ∈ C3(R3 × R+) be a solution of the IVP associated to the following equation

□v = (vt)
2, (4.65)

with initial data v|t=0 and vt|t=0 of compact support. Then v(x, t) = 0 in R3 × R+.

Proof. Since v|t=0 and vt|t=0 have compact support, there exists R ∈ R+ such that v(x, 0) = vt(x, 0) = 0

for ∥x∥ > R. Furthermore, □v = 0 when vt = 0, so we are in the conditions of the uniqueness theorem

(Corollary 4.1.2) from which we conclude that

v(x, t) = 0, for ∥x∥ > t+R, t ≥ 0. (4.66)

By the Euler-Poisson-Darboux equation in the quasilinear case (3.19), the spherical average of the wave

equation in (4.65) is given by

v̄tt −
2

r
v̄r − v̄rr = v2t , (4.67)

in R \ {0} × R+ by even extension v(−r, t) = v(r, t). Multiplying by r, one can rewrite (4.67) in the

following form

□(rv) = rv2t . (4.68)
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Remark 4.2.1. The symmetric extension is made in order for rv to be an odd function. This is the same idea

used when obtaining d'Alembert's formula in the half-plane, Section 2.1.2, extending the problem to all of R. This

facilitates the analysis by avoiding issues with the boundary.

This is a 1+1-dimensional non-homogeneous wave equation with known solution given by Duhamel's

representation formula (3.26)

v(r, t) = v0(r, t) +

∫ ∫
Tr,t

ρ

2r
v2t (ρ, τ)dρdτ, (4.69)

where

v0(r, t) =
1

2r

[
(r + t)v(r + t, 0) + (r − t)v(r − t, 0) +

1

2r

∫ r+t

r−t
ρvt(ρ, 0)dρ

]
, (4.70)

and where Tr,t corresponds to the characteristic triangle with vertices {(r, t), (r−t, 0), (r+t, 0)}. Consider

the wedge shaped region Σ given by

Σ = {(r, t) | r +R < t < 2r}, (4.71)

obtained by requiring that t − r, the point of intersection of the line of slope one passing through (r, t)

with the t-axis, satisfies R < t− r < r, for integration considerations when we introduce the Sr,t region

ahead, and such that the compact support of the initial conditions is contained in Tr,t, i.e. we are not

missing any information that could influence the solution at a fixed (r, t) ∈ Σ. Furthermore, for (r, t) ∈ Σ

we have

v0(r, t) = 0, (4.72)

since r + t > R and r − t < −R implying v(r + t, 0) = v(r − t, 0) = 0 and

1

2r

∫ r+t

r−t
ρvt(ρ, 0)dρ = 0, (4.73)

by symmetry considerations since the integrand ρvt(ρ, 0) is odd in ρ and the region symmetric about

ρ = 0. Thus, for (r, t) ∈ Σ, equation (4.69) simply becomes

v(r, t) =

∫ ∫
Tr,t

ρ

2r
v2t (ρ, τ)dρdτ, (r, t) ∈ Σ. (4.74)

The characteristic triangle Tr,t can be written as the union Tr,t = T0,t−r ∪ T ∗
r,t where T0,t−r is the triangle

with vertices {(r − t, 0), (0, t− r), (t− r, 0)} and T ∗
r,t is the trapezoid with vertices

{(r, t), (0, t− r), (t− r, 0), (t+ r, 0)}, (4.75)

see Fig. 4.3. Thus, for (r, t) ∈ Σ, equation (4.74) becomes

v(r, t) =

∫ ∫
Tr,t

ρ

2r
v2τ (ρ, τ)dρdτ =

∫ ∫
T0,t−r

ρ

2r
v2τ (ρ, τ)dρdτ +

∫ ∫
T∗
r,t

ρ

2r
v2τ (ρ, τ)dρdτ

=

∫ ∫
T∗
r,t

ρ

2r
v2τ (ρ, τ)dρdτ,

(4.76)
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where again the integral over T0,t−r vanishes since it is symmetric with respect to ρ and ρv2t is an odd

function in ρ. Consider now the Sr,t region defined by

Sr,t = {(ρ, τ) | t− r ≤ ρ ≤ r; ρ−R ≤ τ ≤ ρ+ t− r}. (4.77)

This region, which can be seen in Fig. 4.4, further justifies the introduction of Σ by having the upper

edge of Sr,t be along a characteristic where r > t− r. Clearly Sr,t ⊆ T ∗
r,t therefore

v(r, t) ≥
∫ ∫

Sr,t

ρ

2r
v2τ (ρ, τ)dρdτ =

∫ r

t−r

∫ ρ+t−r

ρ−R

ρ

2r
v2τ (ρ, τ)dτdρ, for (r, t) ∈ Σ. (4.78)

Using Cauchy-Schwarz's inequality we obtain for the term v2τ

v2τ =
1

4π

∫
∥ξ∥=1

v2τdωξ

≥ 1

4π

1∫
∥ξ∥=1

1 dωξ

(∫
∥ξ∥=1

vτdωξ

)2

=

(
1

4π

∫
∥ξ∥=1

vτdωξ

)2

= vτ
2,

(4.79)

which, together with (4.78), results in

v(r, t) ≥
∫ r

t−r

∫ ρ+t−r

ρ−R

ρ

2r
vτ

2(ρ, τ)dτdρ, for (r, t) ∈ Σ. (4.80)

Since v(ρ, τ) = 0 for τ ≤ ρ−R we have

v(ρ, ρ−R) = vτ (ρ, ρ−R) = 0. (4.81)

A fixed (r, t) ∈ Σ defines a characteristic defined by c := t − r which satisfies R < c < r. Using the

fundamental theorem of calculus one obtains

v(ρ, ρ+ c) =

∫ ρ+c

ρ−R
∂τv(ρ, τ)dτ =

∫ ρ+c

ρ−R
vτ (ρ, τ)dτ. (4.82)

Squaring this expression and using Cauchy-Schwarz's inequality leads to

v2(ρ, ρ+ c) ≤
(∫ ρ+c

ρ−R
1dτ

)(∫ ρ+c

ρ−R
vτ

2(ρ, τ)dτ

)
. (4.83)

Using (4.80) together with (4.83) we obtain, along the characteristic given by c = t − r, the following

inequality for v̄ along the characteristic

v̄(r, c+ r) ≥ 1

2rΓ(c)

∫ r

c

ρv2(ρ, ρ+ c)dρ, for r > c > R, (4.84)

where we define

Γ(c) :=

(∫ ρ+c

ρ−R
1dτ

)
= c+R > 2R > 0. (4.85)
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The main point now is that, along the characteristic c = t − r and within Σ, we obtain an ODE type

inequality. Defining

α(r) := v(r, c+ r), β(r) :=

∫ r

c

ρα2(ρ)dρ ≥ 0, (4.86)

we have from (4.84)

α(r) ≥ 1

2rΓ(c)
β(r) ≥ 0, r > c > R. (4.87)

By the fundamental theorem of calculus β′(r) = rα2(r). Therefore, taking the square of the inequality

above, we get

β′(r) = rα2(r) ≥ 1

4rΓ2
β2(r) ≥ 0, for r > c > R. (4.88)

At this point, either β(r) = 0 for all r > c > R or there exists an r0 > c such that β(r) ≥ β(r0) > 0 for all

r > r0, since β′(r) > 0. However, integrating (4.88) from r0 to r > r0 we obtain∫ r

r0

β′(s)

β2(s)
ds ≥ 1

4Γ2

∫ r

r0

1

s
ds

⇔ − 1

β(s)

∣∣∣∣s=r
s=r0

≥ 1

4Γ2
log

(
r

r0

)
,

(4.89)

leading to
1

β(r0)
≥ 1

β(r0)
− 1

β(r)
≥ 1

4Γ2
log

(
r

r0

)
, for r > r0. (4.90)

Since by assumption v ∈ C2(R3 × R+), we can take r → ∞ which would make the log(r/r0) term

simultaneously unbounded and bounded by 1/β(r0), a contradiction. Thus, there is no r0 > c for which

β(r0) > 0 and therefore we must have β(r) = 0 for all r > c > R.

By the definition of β this implies that α(r) = v(r, c+r) = 0 for r > c > R, i.e. along the characteristic

defined by c. Since the argument is valid for any (r, t) ∈ Σ we conclude

v(r, t) = 0, for (r, t) ∈ Σ. (4.91)

This implies, from (4.76), that on the following region

Λ :=
⋃

(r,t)∈Σ

T ∗
r,t = {(ρ, τ) | ρ > 0; τ > 0; ρ+ τ > R} = {(x, t) | ∥x∥+ t > R, t > 0}, (4.92)

we have v2t (r, t) = 0. Thus, in the region t > R − ∥x∥, t > 0, we have from the wave equation in (4.65)

that

v2t (x, t) = 0 =⇒ vt(x, t) = 0 =⇒ vtt(x, t) = 0 =⇒ ∆v(x, t) = 0. (4.93)

Consider a fixed t0 > R. For any x ∈ R3 such that ∥x∥ > R+ t0 we have v(x, t0) = 0, by (4.66), so v(x, t0)

has compact support in x within the ball BR+t0(0) =: V . Using the divergence theorem we obtain∫
V

v∆vdx =

∫
V

∇ · (v∇v)dx−
∫
V

(∇v)2dx

=

∫
∂V

v∇v · n̂dS −
∫
V

(∇v)2dx

= −
∫
V

(∇v)2dx = 0,

(4.94)
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where the first integral on the previous to last expression vanishes since v is zero on ∂V by compact

support. Thus, ∇v(x, t0) = 0, for all x ∈ R3, leading to v(x, t0) = 0 for all x ∈ R3 and t0 > R. Since the

argument is valid for all t0 > R, by continuity of v we conclude that

v(x, t) = 0, x ∈ R3, t ≥ R. (4.95)

Remark 4.2.2. Alternatively, equation (4.93) corresponds to Laplace's equation with trivial boundary conditions.

Thus, by the strong maximum principle (Theorem 4, Section 2.2 of [Eva10]), we have v(x, t0) = 0 for x ∈ R3 and

t0 > R.

Finally, going backwards in time from t = R to t = 0, if we let ṽ(x, t) = v(x,R− t) then ṽ is a solution

of

□ṽ = ṽ2t , for x ∈ R3, 0 ≤ t ≤ R, (4.96)

with

ṽ(x, 0) = ṽt(x, 0) = 0, (4.97)

since ṽ(x, 0) = v(x,R) = 0 and ṽt(x, 0) = −vt(x,R) = 0. We are again in the conditions of the uniqueness

theorem (Corollary 4.1.2) from which it follows that ṽ(x, t) = 0 for x ∈ R3, 0 ≤ t ≤ R and thus also

v(x, t) = 0 for x ∈ R3, 0 ≤ t ≤ R. Together with (4.95) this concludes the proof. ■

In the following section we finally consider the proof of blow-up in 3+1 by Fritz John in its general

setting.

4.3 Blow-up in 3+1 dimensions - General Theorem (Theorems 1 and
2 of [Joh85a])

We divide the result in two parts. First, we prove a version of the theorem under a certain assumption

(K > 0, where K is to be defined in the theorem's statement) using the ideas of Theorem 1 of [Joh85a]

and the particular case of the equation (□u = 2ututt) treated in [Joh90]. Then, we extend the result to

the K = 0 case following again the corresponding part in Theorem 1 of [Joh85a].

Theorem 4.3.1. Let n = 3 and let u ∈ C2(R3 × R+) be a solution of the IVP associated to the wave equation

□u(x, t) = ϕ(x, t, u, u′, u′′), (4.98)

with initial data u|t=0, ut|t=0 of compact support and where

ϕ(x, t, u, u′, u′′) = A(x, t, u, u′, u′′) +
∂

∂t
(B(x, t, u, u′)) , (4.99)

for functions A ∈ C2, B ∈ C3, satisfying the following properties

A(x, t, u, u′, u′′) ≥ 0, ∀x, t, u, u′, u′′, (4.100)
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A(x, t, 0, 0, u′′) = 0, ∀x, t, u′′, (4.101)

∃ (a, b) ∈ R2 \ {(0, 0)} s.t. B(x, t, u, u′) ≥ (au+ but)
2, ∀x, t, u, u′, (4.102)

B(x, t, 0, 0) = 0, ∀x, t. (4.103)

Assuming further that

K :=

∫
R3

(
ut(x, 0)−B(x, 0, u(x, 0), u′(x, 0))

)
dx > 0, (4.104)

then u ≡ 0.

Proof. Let u be a global C2 solution of (4.98) and let ϕ,A,B satisfy the assumptions of Theorem 4.3.1.

Since the initial data has compact support, there exists R ∈ R+ such that

u(x, 0) = ut(x, 0) = 0, for ∥x∥ ≥ R. (4.105)

By (4.102) and (4.103) B is non-negative and zero at (x, t, u, u′) = (x, t, 0, 0). This implies that (x, t, 0, 0)

is a minimum of B and therefore

(∂tB)(x, t, 0, 0) = (∂xi
B)(x, t, 0, 0) = (∂uB)(x, t, 0, 0) = 0, i = 1, 2, 3, (4.106)

and

(∂u′B)(x, t, 0, 0) = 0, (4.107)

leading to

∂t (B(x, t, u(x, t), u′(x, t)))(x, t, 0, 0) = 0. (4.108)

Together with (4.101) this implies, from (4.99), that

ϕ(x, t, 0, 0, u′′) = 0. (4.109)

Thus, we are in the conditions of Corollary 4.1.2 from which we conclude that

u(x, t) = 0, for ∥x∥ ≥ t+R, t ≥ 0. (4.110)

Let

v(x, t) :=

∫ t

0

u(x, s)ds. (4.111)

By the fundamental theorem of calculus this implies

vt(x, t) = u(x, t), and v(x, 0) = 0. (4.112)

From (4.110) v also satisfies

v(x, t) = 0, for ∥x∥ ≥ t+R, t ≥ 0. (4.113)

The wave equation in u (4.98) implies for v

□u = utt −∆u = vttt −∆vt = ∂t(□v) = ϕ. (4.114)
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Thus, from (4.99), we have

∂t (□v(x, t)− (B(x, t, u(x, t), u′(x, t)))) = A(x, t, u(x, t), u′(x, t), u′′(x, t)), (4.115)

which, integrating from 0 to t,∫ t

0

∂s (□v − (B(x, s, u(x, s), u′(x, s)))) ds =

∫ t

0

A(x, s, u(x, s), u′(x, s), u′′(x, s)) ds, (4.116)

and using again the fundamental theorem of calculus, leads to

□v(x, t)−B(x, t, u, u′)−□v(x, 0) +B(x, 0, u(x, 0), u′(x, 0)) =

∫ t

0

A(x, s, u(x, s), u′(x, s), u′′(x, s)) ds.

(4.117)

From (4.111) we have

∆v(x, t) =

∫ t

0

∆u(x, s)ds, (4.118)

therefore ∆v(x, 0) = 0 and

□v(x, 0) = vtt(x, 0)−∆v(x, 0) = ut(x, 0). (4.119)

Defining

h(x) := ut(x, 0)−B(x, 0, u(x, 0), u′(x, 0)), (4.120)

(4.117) is equivalent to

□v(x, t) = B(x, t, u, u′) + h(x) +

∫ t

0

A(x, s, u(x, s), u′(x, s), u′′(x, s)) ds. (4.121)

From (4.100) the integral on the right satisfies∫ t

0

A(x, t, u(x, s), u′(x, s), u′′(x, s)) ds ≥ 0, (4.122)

which implies, together with (4.102), that

□v(x, t) ≥ (au(x, t) + but(x, t))
2 + h(x), (4.123)

for all (x, t) ∈ R3 × R+. Note that, by (4.110) and (4.103),

h(x) = 0, for ∥x∥ ≥ R, (4.124)

and by assumption (4.104),

K =

∫
R3

h(x)dx > 0. (4.125)

From (4.121) let

w(x, t) := B(x, t, u, u′) + h(x) +

∫ t

0

A(x, s, u(x, s), u′(x, s), u′′(x, s)) ds, (4.126)

and define

p(x, t) := (au(x, t) + but(x, t)) = (avt(x, t) + bvtt(x, t)) , (4.127)
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and

q(x, t) := p2(x, t). (4.128)

It follows from (4.123) that

w ≥ B + h ≥ q + h. (4.129)

We now introduce symmetrically extended spherical averages, centred at x = 0, i.e. given an arbitrary

continuous function f(x, t) defined in (R3 × R+) let

f(r, t) :=
1

4π

∫
∥ξ∥=1

f(rξ, t)dωξ, (4.130)

for t ≥ 0 and r ∈ R via the extension

f(−r, t) = f(r, t). (4.131)

Taking the spherical average of (4.126) and using the Euler-Poisson-Darboux equation (3.19), with n = 3,

we obtain

w(r, t) = vtt(r, t)−
2

r
vr(r, t)− vrr(r, t). (4.132)

Taking the spherical average of p we obtain

p(r, t) = avt(r, t) + bvtt(r, t), (4.133)

and using Cauchy-Schwarz's inequality(∫
fgdx

)2

≤
(∫

f2dx

)(∫
g2dx

)
,

with g = 1 and f = avt + bvtt, we obtain

q = p2 =
1

4π

∫
∥ξ∥=1

(avt + bvtt)
2dωξ

≥ 1

4π

1∫
∥ξ∥=1

1 dωξ

(∫
∥ξ∥=1

(avt + bvtt)dωξ

)2

= p2,

(4.134)

since ∫
∥ξ∥=1

1 dωξ = 4π. (4.135)

Thus, we conclude that

q ≥ p2. (4.136)

The order relation from (4.129) is naturally still maintained for spherical averages therefore

w ≥ B + h ≥ q + h, (4.137)
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where all functions v, w, p, q, h and B are even in r, from the extension considered above. Furthermore,

v, w, p, q and B vanish for |r| ≥ t + R as a consequence of (4.110) and (4.103). Note that, by (4.124) the

function

h(r) =
1

4π

∫
∥ξ∥=1

h(rξ)dωξ (4.138)

satisfies

h(r) = 0, for |r| ≥ R, (4.139)

and, by (4.125), we have

K =

∫ ∞

0

4πr2h(r)dr = 4π

∫ R

0

r2h(r)dr > 0, (4.140)

since 4πr2h(r) is the value of the integral over the sphere of radius r.

As we have seen for n = 3, when obtaining (3.24), we can rewrite (4.132) as

□(rv) = rw, (4.141)

which is a 1-dimensional non-homogeneous wave equation with solution given by Duhamel's represen-

tation formula (3.26)

v(r, t) = v0(r, t) +

∫ ∫
Tr,t

ρ

2r
w(ρ, τ)dρdτ, (4.142)

where

v0(r, t) =
1

2r

[
(r + t)v(r + t, 0) + (r − t)v(r − t, 0) +

1

2r

∫ r+t

r−t
ρvt(ρ, 0)dρ

]
, (4.143)

and Tr,t is the characteristic triangle with vertex (r, t) given by

Tr,t = {(ρ, τ) | τ + ρ ≤ t+ r; τ − ρ ≤ t− r; τ ≥ 0}, (4.144)

or equivalently with the vertices given by {(r, t), (r − t, 0), (r + t, 0)}.

Remark 4.3.1. Obtaining the wave equation (4.141) is the only point where n = 3 is required.

We now introduce the region

Σ = {(r, t) | r +R < t < 2r} , (4.145)

which was justified in the comments after (4.71). Notice that, fixing (r, t) ∈ Σ, due to (4.112) we have

v(r + t, 0) = v(r − t, 0) = 0. (4.146)

Furthermore,
1

2r

∫ r+t

r−t
ρvt(ρ, 0)dρ =

1

2r

∫ R

−R
ρvt(ρ, 0)dρ = 0, (4.147)

since v(r, t) = 0 for |ρ| ≥ R, which follows from (4.113), and because ρvt(ρ, 0) is an odd function in ρ due

to the symmetrical extension of the spherical average defined above. Therefore

v0(r, t) = 0, for (r, t) ∈ Σ, (4.148)
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and (4.142) becomes just

v(r, t) =

∫ ∫
Tr,t

ρ

2r
w(ρ, τ)dρdτ, for (r, t) ∈ Σ. (4.149)

Note that v in (4.149) still depends on the initial data via w. Figure 4.3 shows the geometric picture of

the regions under consideration.

Figure 4.3: Wedge-shaped region Σ and T ∗
r,t = Tr,t \ T0,t−r .

Considering the characteristic triangle Tr,t as the union

Tr,t = T0,t−r ∪ T ∗
r,t, (4.150)

where T0,t−r is the triangle with vertices {(r − t, 0), (0, t − r), (t − r, 0)}, and T ∗
r,t is the trapezoid with

vertices {(r, t), (0, t− r), (t− r, 0), (t+ r, 0)}, see again Figure 4.3, equation (4.149) becomes

v(r, t) =

∫ ∫
Tr,t

ρ

2r
w̄(ρ, τ)dρdτ

=

∫ ∫
T0,t−r

ρ

2r
w̄(ρ, τ)dρdτ +

∫ ∫
T∗
r,t

ρ

2r
w̄(ρ, τ)dρdτ

=

∫ ∫
T∗
r,t

ρ

2r
w̄(ρ, τ)dρdτ, (r, t) ∈ Σ,

(4.151)

where the integral over T0,t−r vanishes since it is symmetric with respect to ρ and ρw̄t is an odd function

in ρ, again due to the symmetrical extension of the spherical average defined above. Because ρ > 0 in

T ∗
r,t inequality (4.137) is preserved and we have

v(r, t) ≥
∫ ∫

T∗
r,t

ρ

2r
B̄dρdτ +

∫ ∫
T∗
r,t

ρ

2r
h̄(ρ)dρdτ. (4.152)
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Due to (4.139) the integral on the right is simply (see Figure 4.3)∫ ∫
T∗
r,t

ρ

2r
h̄(ρ)dρdτ =

∫ R

0

(
ρ

2r
h̄(ρ)

∫ ρ+(t−r)

−ρ+(t−r)
dτ

)
dρ = 2

∫ R

0

ρ2

2r
h̄(ρ)dρ, (4.153)

and from (4.140) we get ∫ R

0

ρ2

r
h̄(ρ)dρ =

K

4πr
> 0. (4.154)

and thus (4.152) becomes

v(r, t) ≥
∫ ∫

T∗
r,t

ρ

2r
B̄ dρdτ +

K

4πr
. (4.155)

Using inequalities (4.137) and (4.136) we further obtain

v(r, t) ≥
∫ ∫

T∗
r,t

ρ

2r
p2(ρ, τ) dρdτ +

K

4πr
, (r, t) ∈ Σ. (4.156)

Consider now the region Sr,t defined as

Sr,t = {(ρ, τ) | t− r ≤ ρ ≤ r, ρ−R ≤ τ ≤ ρ+ t− r} , (4.157)

see Figure 4.4.

Figure 4.4: The regions T ∗
r,t = Tr,t \ T0,t−r , Σ and Sr,t.

Clearly Sr,t ⊆ T ∗
r,t therefore, from (4.156), we have

v(r, t) ≥
∫ ∫

Sr,t

ρ

2r
p2(ρ, τ)dρdτ +

K

4πr

=

∫ r

t−r

∫ ρ+t−r

ρ−R

ρ

2r
p2(ρ, τ)dτdρ+

K

4πr
, (r, t) ∈ Σ.

(4.158)
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Since, from (4.113), v(ρ, τ) = 0 for τ ≤ ρ−R we have

v(ρ, ρ−R) = vτ (ρ, ρ−R) = 0, (4.159)

therefore, using (4.133) with a ̸= 0 and b ̸= 0, we can write

bvττ + avτ = p

⇔ e
a
b τ
(
vττ +

a

b
vτ
)
= e

a
b τ

(
p

b

)
⇔ ∂

∂τ
(vτe

a
b τ ) = e

a
b τ

(
p

b

) (4.160)

Integrating a first time up to some arbitrary τ satisfying ρ−R ≤ τ ≤ ρ+ t− r, we obtain∫ τ

ρ−R
∂s(vse

a
b s)ds =

∫ τ

ρ−R
e

a
b s

(
p

b

)
ds

⇔ vτ (ρ, τ)e
a
b τ =

∫ τ

ρ−R
e

a
b s

(
p

b

)
ds

⇔ vτ (ρ, τ) = e−
a
b τ

∫ τ

ρ−R
e

a
b s

(
p

b

)
ds,

(4.161)

where we used (4.159). Integrating a second time in τ from τ = ρ−R up to τ = ρ+ t− r, i.e. up to the

characteristic defined by the choice of (r, t) ∈ Σ, and using (4.159) once again, we obtain∫ ρ+t−r

ρ−R
vτ (ρ, τ)dτ =

∫ ρ+t−r

ρ−R
e−

a
b τ

(∫ τ

ρ−R
e

a
b s

(
p

b

)
ds

)
dτ

⇔ v(ρ, ρ+ t− r) =

∫ ρ+t−r

ρ−R
e−

a
b τ

(∫ τ

ρ−R
e

a
b s

(
p

b

)
ds

)
dτ.

(4.162)

Changing the order of integration we get

v(ρ, ρ+ t− r) =

∫ ρ+t−r

ρ−R

(∫ ρ+t−r

s

e−
a
b τe

a
b s

(
p

b

)
dτ

)
ds

=

∫ ρ+t−r

ρ−R
−
(
b

a

)
e−

a
b τ

∣∣∣∣τ=ρ+t−r
τ=s

e
a
b s

(
p

b

)
ds

=

∫ ρ+t−r

ρ−R
−
(
b

a

)(
e−

a
b (ρ+t−r) − e−

a
b s

)
e

a
b s

(
p

b

)
ds

=

∫ ρ+t−r

ρ−R

1

a

(
1− e−

a
b (ρ+t−r−s)

)
p(ρ, s)ds.

(4.163)

If b ̸= 0 and a = 0 from the first line of (4.163) we obtain∫ ρ+t−r

ρ−R

(ρ+ t− r − s)

b
p(ρ, s)ds. (4.164)

If b = 0 and a ̸= 0 from the first line of (4.160), using the fundamental theorem of calculus we immediately

get ∫ ρ+t−r

ρ−R

1

a
p(ρ, s)ds. (4.165)

45



Thus, renaming the variable s as τ , we finally obtain

v(ρ, ρ+ t− r) =

∫ ρ+t−r

ρ−R
k(ρ+ t− r − τ)p(ρ, τ)dτ, (4.166)

where

k(s) =


1
a (1− e−as/b) for a ̸= 0, b ̸= 0,
s
b for a = 0, b ̸= 0,
1
a for a ̸= 0, b = 0.

(4.167)

From (4.166), using Cauchy-Schwarz's inequality and the change of variable s = ρ+ t− r − τ we obtain

(
v(ρ, ρ+ t− r)

)2 ≤
(∫ R+t−r

0

k2(s)ds

)(∫ ρ+t−r

ρ−R
(p(ρ, τ))2dτ

)
. (4.168)

The region Σ can be represented as the union of half-lines

Σ =
⋃
c>R

σc, (4.169)

where

σc =
{
(ρ, c+ ρ) ∈ R2, for ρ > c > R

}
, (4.170)

with c := t− r for a fixed (r, t) ∈ Σ, and defining a particular characteristic, see again Figure 4.4. Thus,

fixing (r, t) ∈ Σ, and defining

Γ(c) :=

∫ R+c

0

k2(ρ)dρ, α(r) := v(r, c+ r), and β(r) :=

∫ r

c

ρα2(ρ)dρ, (4.171)

from (4.168) we obtain

(v(ρ, ρ+ c))
2 ≤

∫ ρ+c

ρ−R
k2(ρ+ c− τ)dτ

∫ ρ+c

ρ−R
(p(ρ, τ))2dτ = Γ(c)

∫ ρ+c

ρ−R
(p(ρ, τ))2dτ. (4.172)

Returning to (4.158), along the characteristic (r, c+ r) ∈ Σ, we have

α(r) ≥ K

4πr
+

1

2r

∫ r

c

ρ

(∫ ρ+c

ρ−R

(
p(ρ, τ)

)2
dτ

)
dρ, for r > c, (4.173)

which, together with (4.172), and the fact that Γ(c) > 0 in all cases, leads to

α(r) ≥ K

4πr
+

1

2rΓ(c)

∫ r

c

ρ(v(ρ, ρ+ c))2dρ =
K

4πr
+

1

2rΓ(c)
β(r) > 0, for r > c, (4.174)

or equivalently

rα(r) ≥ K

4π
+

1

2Γ(c)

∫ r

c

ρα2(ρ) dρ, for r > c. (4.175)

Suppose W (r) is the solution of the equality in (4.175), i.e.

W (r) =
K

4π
+

1

2Γ(c)

∫ r

c

ρ−1W 2(ρ)dρ, for r > c. (4.176)

It follows from Grönwall's lemma that rα(r) ≥W (r) for r ≥ c. In detail, following the proof of Grönwall's

lemma found in [BV], let

∆(r) := rα(r)−W (r), (4.177)
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and

F (r) :=
1

2Γ(c)

∫ r

c

1

ρ
(ρα(ρ) + w(ρ))∆(ρ) dρ. (4.178)

From (4.175) and (4.176) we have

∆(r) ≥ 1

2Γ(c)

∫ r

c

1

ρ

(
(ρα)2 − w2

)
dρ

=
1

2Γ(c)

∫ r

c

1

ρ
(ρα(ρ) + w(ρ))∆(ρ) dρ

= F (r),

(4.179)

resulting in

F ′(r) =
∆(r)

2Γ(c)

(
α(r) +

w(r)

r

)
≥ 1

2Γ(c)
F (r)

(
α(r) +

w(r)

r

)
. (4.180)

Considering the integrating factor

µ(r) = exp

(
− 1

2Γ(c)

∫ r

c

(
α(ρ) +

w(ρ)

ρ

)
dρ

)
, (4.181)

it follows from (4.180) that

(µ(r)F (r))
′ ≥ 0. (4.182)

Integrating from c to r and using the fact that F (c) = 0, we finally obtain

µ(r)F (r) ≥ 0, (4.183)

which implies F (r) ≥ 0 and, from (4.179), ∆(r) ≥ 0. Thus, we have

rα(r) ≥W (r), for r ≥ c. (4.184)

In order to solve (4.176) for W (r) we differentiate with respect to r and use the fundamental theorem of

calculus to obtain

W ′(r) =
1

2rΓ(c)
W 2(r). (4.185)

This is a separable ODE which rearranging and integrating from c to r leads to

W (r) =
K/(4π)

1− K
8πΓ(c) log(r/c)

, for r ≥ c, (4.186)

where we crucially1 use the fact that W (c) = K/(4π) > 0. This allows us to conclude that as r → r∗,

with

r∗ = c exp

(
8πΓ(c)

K

)
, (4.187)

we have W (r∗) → ∞. This implies from (4.184) that r∗ is an upper bound for the blow-up of α(r) and

thus for v(r, c + r), which occurs along the characteristic defined by c satisfying r > c > R. Similarly,

since 8πΓ(c)/K > 0, blow-up happens at some t ≤ t∗ for

t∗ = r∗ + c = c exp

(
8πΓ(c)

K

)
+ c ≤ 2c exp

(
8πΓ(c,R)

K

)
, (4.188)

1If K = 0 we no longer have W (r) > 0 in r ≥ c, leading only to W ≡ 0 as a solution of (4.185).
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recalling the dependence of Γ in R. Finally, blow-up of v implies blow-up of v since it cannot remain

bounded when ∥x∥ = r∗ at t = c+ r∗. ■

Remark 4.3.2. Considering the characteristic defined by c = R, and recalling thatR defines the size of the support

of the initial conditions, notice that the upper bound on the time of blow-up (4.188) increases withR, for all possible

conditions on a and b in (4.167). Thus, the smaller the support of the initial conditions the sooner we expect

blow-up of the solution to happen.

Example 4.3.1. As mentioned at the beginning of the section, via the methods used in the proof above, Fritz John

shows in [Joh90] that the following IVP
□u = 2uttut,

u(x, 0) = f(x) ∈ C2
0 (R3),

ut(x, 0) = g(x) ∈ C2
0 (R3),

(4.189)

with f(x) = g(x) = 0 for ∥x∥ > R and satisfying

L =
1

4π

∫
R3

(
g(x)− g2(x)

)
dx > 0, (4.190)

has an upper bound for the time of blow-up given by

t∗ = 2R exp

(
16R3

3L

)
. (4.191)

The above result is obtained by considering the characteristic c = R. Furthermore, since L = K/4π as defined in

[Joh90], and (4.102) is satisfied by taking a = 0 and b = 1, we have from the definition of Γ in (4.171)

Γ(c) =

∫ 2R

0

s2ds =
8R3

3
. (4.192)

Thus, equation (4.188) becomes

t∗ ≤ 2c exp

(
8πΓ

K

)
= 2R exp

(
16R3

3L

)
, (4.193)

verifying the result for this particular example.

We now consider the setting of Theorem 4.3.1 when K ≥ 0. In this case, instead of obtaining an

explicit blow-up result, one shows that a global C2 solution must be the trivial solution.

Theorem 4.3.2. If, in the conditions of Theorem 4.3.1, (4.104) is extended to the case K ≥ 0, then u ≡ 0.

Proof. As mentioned, for K = 0 we can not perform the steps leading to (4.186). Where before we used

the fact that W (c) = K/4π > 0 in (4.176), it could now be the case that W (r) = 0 for r > c. Picking up

from (4.174) we have

v(r, c+ r) = α(r) ≥ 1

2rΓ

∫ r

c

ρα2(ρ)dρ =
1

2rΓ
β(r) ≥ 0, for r > c. (4.194)
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Since β′(r) = rα2(r), taking the square of the inequality above we get

β′(r) = rα2(r) ≥ 1

4rΓ2
β2(r), for r > c. (4.195)

Here, we either have β(r) = 0 for all r > c or there must be an r0 > c such that β(r) ≥ β(r0) > 0 since

β′(r) > 0 for all r > r0. However, integrating (4.195) from r0 to r we obtain∫ r

r0

β′(s)

β2(s)
ds ≥ 1

4Γ2

∫ r

r0

1

s
ds

⇔ − 1

β(s)

∣∣∣∣s=r
s=r0

≥ 1

4Γ2
log

(
r

r0

)
,

(4.196)

leading to
1

β(r0)
≥ 1

β(r0)
− 1

β(r)
≥ 1

4Γ2
log

(
r

r0

)
, for r > r0. (4.197)

Since by assumption v is globally defined, we can take r → ∞ making the log(r/r0) term simultaneously

unbounded and bounded by 1/β(r0), a contradiction. By the definition of β (4.171), this implies that

α(r) = v(r, c+ r) = 0 for r > c > R. Because the argument is valid for any (r, t) ∈ Σ we conclude

v(r, t) = 0, for (r, t) ∈ Σ. (4.198)

Since B̄ ≥ 0, by assumption (4.102), (4.198) together with (4.152) and (4.154) (in the K = 0 case)

implies that, on the following region

Λ :=
⋃

(r,t)∈Σ

T ∗
r,t = {(ρ, τ) | ρ > 0; τ > 0; ρ+ τ > R}, (4.199)

B vanishes (see Figure 4.5).

Figure 4.5: Points (ri, ti) with corresponding T ∗(ri, ti), i = 1, 2. The union for all (r, t) in Σ corresponds to the first
quadrant minus T0,R.
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Again, by assumption (4.102), we conclude that

B(x, t, u(x, t), u′(x, t)) = 0, for ∥x∥+ t > R, t > 0. (4.200)

and thus, by (4.102), that

au(x, t) + but(x, t) = 0, for ∥x∥+ t > R, t > 0. (4.201)

From (4.200), recalling also (4.98), (4.99) and (4.100), it follows that

□u = utt −∆u = A ≥ 0, for ∥x∥+ t > R, t > 0. (4.202)

One can now show, from (4.201), (4.202) and (4.152), that

u(x, t) = 0, for x ∈ R3, t > R. (4.203)

If b = 0 and a ̸= 0 this follows directly from (4.201) since

{
(x, t) |x ∈ R3, t > R

}
⊂ {(x, t) | ∥x∥+ t > R, t > 0} . (4.204)

For b ̸= 0 differentiating (4.201) with respect to t we have

aut = −butt, (4.205)

and thus, using (4.201) again,

utt =

(
a

b

)2

u = m2u, (4.206)

where we define m := |a/b|. By (4.202) we obtain the following PDE

m2u−∆u = A ≥ 0, for x ∈ R3, t > R, (4.207)

using the set inclusion above (4.204).

Fix t∗ > R and R∗ > R + t∗ and let A(y) = A(y, t∗, u(y, t∗), u′(y, t∗), u′′(y, t∗)). From u(y, t∗) = 0 for

∥y∥ > R+ t∗, one can show that (for the proof see Appendix (A.2.5))

u(x, t) =
1

(4π)3/2

∫
R3

A(y)

m

(∫ ∞

0

e−s−
m∥x−y∥2

4s

s3/2
ds

)
︸ ︷︷ ︸

(I)

dy for ∥x∥ < R∗. (4.208)

Remark 4.3.3. For the solution of (4.207) Fritz John uses instead

u(x; t∗) =

∫
R3

e−m∥x−y∥

4π∥x− y∥
A(y)dy, for ∥x∥ < R∗, (4.209)

which should be equivalent to (4.208). If a = 0, b ̸= 0, the solution is given also by (4.209) with m = 0,

corresponding to the solution of Poisson's equation.
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Since A(y) ≥ 0 for all y, from (4.100), and u(x; t∗) = 0 for ∥x∥ > R+ t∗ from (4.110), since the integral

in (4.208) is over all R3, and (I) in (4.208) is positive, it follows that A must vanish for all y. For a fixed

t∗ > R we conclude then that

m2u(x, t∗)−∆u(x, t∗) = 0, for x ∈ R3, (4.210)

which, by (4.208), has solution u(x, t∗) = 0 for ∥x∥ ≤ t∗ +R.

Since, for each fixed t > R, u(x, t) has compact support within ∥x∥ ≤ t+R, we conclude that

u(x, t) = 0, for x ∈ R3 and t > R. (4.211)

To finalize the argument one shows that u(x, t) = 0 for x ∈ R3 and 0 < t < R by going backwards in

time. Letting ũ(x, t) = u(−x,R− t) then ũtt = utt and ∆ũ = ∆u, therefore ũ is a solution of

□ũ = ϕ(−x,R− t, ũ,−ũ′, ũ′′), for x ∈ R3, 0 ≤ t ≤ R, (4.212)

with

ũ(x, 0) = ũt(x, 0) = 0, (4.213)

since ũ(x, 0) = u(−x,R) = 0 and ũt(x, 0) = ut(−x,R) = 0 due to (4.211).

Remark 4.3.4. One sets x→ −x just so that on ϕ we can write the first derivatives of ũ as −ũ′, otherwise ũt and

ũxi would have different signs.

Since ϕ(−x,R− t, 0, 0, ũ′′) = 0, by the same reason as in (4.109), we are in the conditions of Corollary

4.1.2, from which it follows that ũ(x, t) = 0 for x ∈ R3, 0 ≤ t ≤ R and thus also u(x, t) = 0 for x ∈ R3,

0 ≤ t ≤ R. Together with (4.211) we finally conclude that u(x, t) = 0 for x ∈ R3, t ≥ 0. ■

The following theorem essentially "extends" this previous result for the time integral of the solution

of (4.98) with the corresponding necessary conditions on the non-linearity.

Theorem 4.3.3. Let n = 3 and consider C = C(x, t, v, v′, v′′) ∈ C3, on all its arguments, where

∃ (a, b) ∈ R2 \ {(0, 0)} s.t. C(x, t, v, v′, v′′) ≥ (avt + bvtt)
2, ∀x, t, v, v′, v′′, (4.214)

C(x, t, v, v′, v′′) = 0, for vt = v′t = 0. (4.215)

If v ∈ C3(R3 × R+) is a solution of

□v = C(x, t, v, v′, v′′), (4.216)

with v(x, 0), vt(x, 0) and vtt(x, 0) of compact support, then v ≡ 0.

Proof. Let u = vt, then

v(x, t) = v(x, 0) +

∫ t

0

u(x, s)ds. (4.217)
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The time derivative of (4.216) leads to

∂t(□v) = ∂t (C(x, t, v, v
′, v′′))

⇔ vttt −∆vt = ∂t (C(x, t, v, v
′, v′′))

⇔ □u = ∂t (C(x, t, v, v
′, v′′)) ,

(4.218)

where partial derivatives commute since v ∈ C3(R3 ×R+). Looking specifically at the dependence of C

in u and u′ we have

C(x, t, v, v′, v′′) = C(x, t, v, vt, vi, vtt, vti, vij) = C(x, t, v, u, vi, ut, ui, vij), ∀i, j = 1, 2, 3. (4.219)

So, given (x, t) ∈ R3 × R+ and knowing v, we can define

B (x, t, u(x, t), u′(x, t)) := C (x, t, v(x, t), u(x, t), vi(x, t), vtt(x, t), ui(x, t), vij(x, t)) , (4.220)

since a choice of (x, t) specifies the v, vi and vij . In fact, we only care aboutB composed with the solution

and its derivatives as a function of (x, t). From (4.216) we have

∆v = vtt − C = ut − C = ut −B. (4.221)

Thus, recalling the definition of K from Theorem 4.3.1, we have

K =

∫
R3

(
ut(x, 0)−B(x, 0, v(x, 0), u(x, 0), vi(x, 0), vtt(x, 0), ui(x, 0), vij(x, 0))

)
dx

=

∫
R3

∆v(x, 0)dx =

∫
R3

∇ · ∇v(x, 0)dx.
(4.222)

Since v has compact support, at time t = 0, using the divergence theorem and considering a compact

region V containing the support of v, we obtain

K =

∫
R3

∇ · ∇v(x, 0) dx =

∫
V

∇ · ∇v(x, 0) dx =

∫
∂V

∇v(x, 0) · n̂ dS = 0. (4.223)

Thus, from assumptions (4.214, 4.215) together with the fact that u(x, 0) = vt(x, 0) and ut(x, 0) = vtt(x, 0)

have compact support, we are in the conditions of Theorem 4.3.2 for the wave equation (4.98), in the

particular case where A = 0, and thus

□u = ∂t (B(x, t, u(x, t), u′(x, t))) . (4.224)

By Theorem 4.3.2 then, we have u(x, t) = vt(x, t) = 0 which implies vtt(x, t) = 0 and vti(x, t) = 0 for

i = 1, 2, 3, t ≥ 0 and x ∈ R3. This, together with assumption (4.215), leads to

C(x, t, v, v′, v′′) = 0, for t ≥ 0, x ∈ R3. (4.225)

and therefore, from (4.216),

□v = 0, for t ≥ 0, x ∈ R3. (4.226)
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Furthermore, because vtt(x, t) ≡ 0, we have ∆v(x, t) = 0 and in particular, at t = 0, we have

∆v(x, 0) = 0. (4.227)

Since v(x, 0) has compact support let V be a region such that supp (v(x, 0)) ⊂ V . By the divergence

theorem we have∫
R3

∇ ·
(
v(x, 0)∇v(x, 0)

)
dx =

∫
V

∇ ·
(
v(x, 0)∇v(x, 0)

)
dx =

∫
∂V

(
v(x, 0)∇v(x, 0)

)
· n̂dS = 0, (4.228)

which is also equal to∫
V

∇ ·
(
v(x, 0)∇v(x, 0)

)
dx =

∫
V

(
∇v(x, 0)

)2
dx+

∫
V

v(x, 0)∆v(x, 0)dx =

∫
V

(
∇v(x, 0)

)2
dx, (4.229)

since ∆v(x, 0) = 0 by (4.227), concluding that ∇v(x, 0) = 0. Thus, since v is continuous and zero outside

the compact support, we conclude that v(x, 0) = 0. Finally, since vt(x, t) = 0, for t ≥ 0 and x ∈ R3, we

conclude that v(x, t) = 0 in R3 × R+. ■

Remark 4.3.5. Note that the semi-linear wave-equation we considered in Section 4.2 can be obtained by taking

C(x, t, v, v′, v′′) = (vt)
2, (4.230)

which satisfies all assumptions of the theorem with b = 0 and a ≥ 1. For this particular example we have K = 0,

as shown in equation (4.223) so we can not establish, via the proof of Theorem 4.3.1, an upper bound for the time

of blow-up. However, Theorem 3 of [Joh85a], which we do not cover here, manages to obtain a lower and upper

bounds for the time of blow-up for radially symmetric solutions of this particular equation.

In the following chapter we finally obtain (1.4) by considering the wave equation in (4.65) with a

different geometrical background by considering a FLRW metric describing a decelerated expanding

universe.
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5
Semilinear Wave Equations on FLRW

Spacetimes

The semilinear wave equation (4.65), considered in Section 4.2, can be seen as a special case of a more

general parametrized wave equation depending on an underlying geometry specified by a choice of a

Friedmann–Lemaître–Robertson–Walker (FLRW) metric. In particular, it can be seen as a special case of

the following equation

□u = − 2p

(1− p)(t+ 1)
ut + (ut)

2, (5.1)

in the p = 0 case, corresponding to the geometry of Minkowski spacetime, as shown in the following

sections.

In this chapter we first compute the wave operator with an underlying geometry defined by a FLRW

type metric for a general expansion term a(t). Next, we set up the equivalent wave equation to (4.65), in

this geometry, by performing a change of variables to conformal time. To finally obtain our equation of

interest, we set a specific expansion term of the form a(t) = tp, in order to obtain (5.1) which is the wave

equation we want to understand in regards to blow-up phenomena for the particular case of decelerated

expansions, i.e. for p ∈ (0, 1). To perform this set-up we closely follow [CFO23] which, together with

Proposition 4.2.1, are the main reason for studying (5.1) as we motivate later in Section 5.3.

5.1 Wave operator for a general FLRW metric

Consider a FLRW spacetime corresponding to the semi-Riemannian manifold M = (Rn × R+, g)

with global coordinates (t, x1, ..., xn) and metric given by

g := −dt2 + a2(t)σij(x)dx
idxj , (5.2)

where σij is a Riemannian metric in Rn and a(t) corresponds to a scale factor of the universe defining in

general whether it is static, expands or contracts. In our setting, a(t) corresponds to an expansion, i.e.

∂ta > 0, (5.3)
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and we further assume that a(t) > 0 for all t ≥ 0.

The covariant wave operator □gu = ∇µ∇µu, acting on a scalar function u :M → R, can be written in

local coordinates as (see for example Proposition 2.46 of [Lee19])

□gu =
1√
|g|
∂α(g

αβ
√
|g|∂βu), (5.4)

where |g| = −det(gαβ) > 0 and gαβ are the components of the inverse metric with matrix representations

given by

(gαβ) =

 −1 01×n

0n×1 a2σn×n

 , (gαβ) =

 −1 01×n

0n×1 a−2σ−1
n×n

 . (5.5)

For the metric in equation (5.2) we have

□gu =
1√
|g|
(
∂α(g

αβ)
√
|g|∂βu+ gαβ∂α(

√
|g|)∂βu+ gαβ

√
|g|∂α(∂βu)

)
= ∂α(g

αβ)∂βu︸ ︷︷ ︸
(i)

+
1√
|g|

gαβ∂α(
√
|g|)∂βu︸ ︷︷ ︸

(ii)

+ gαβ∂α(∂βu)︸ ︷︷ ︸
(iii)

. (5.6)

(i) When α = 0, we have gαβ ̸= 0 only if β = 0 which gives the term ∂t(g
00)∂tu = 0, since g00 = −1.

The remaining terms, for α ≥ 1, lead to ∂i(g
ij)∂ju, where i, j = 1, ..., n, and is equivalent to

a−2∂i(σ
ij)∂ju. Thus, term (i) becomes

1

a2
∂i(σ

ij)∂ju. (5.7)

(ii) Note that −det(gαβ) = det(a2σij) = a2ndet(σij), thus, for this term we obtain

1

an
√
|σ|

gαβ∂α(a
n
√
|σ|)∂βu = − 1

an
√
|σ|

(nan−1ȧ
√

|σ|+ an∂t
√
|σ|)∂tu

+
a−2σij

an
√
|σ|
∂i(a

n
√
|σ|)∂ju,

(5.8)

for i, j = 1, ...n, using gij = a−2σij and |σ| = det(σ) > 0. Since |σ| does not depend on t and a does

not depend on the xi, i = 1, ..., n, term (ii) is finally given by

−nȧ
a
∂tu+

σij

a2
√

|σ|
∂i(
√
|σ|)∂ju. (5.9)

(iii) Again when α = 0, we have gαβ ̸= 0 only if β = 0 which gives the term −∂2t u, the remaining terms

can be written as σij∂i∂ju, where i, j = 1, ..., n. Thus, term (iii) becomes

−∂2t u+
σij

a2
∂i∂ju. (5.10)

Finally, equation (5.6) becomes

□gu =
1

a2
∂i(σ

ij)∂ju− nȧ

a
∂tu+

σij

a2
√
|σ|
∂i(
√

|σ|)∂ju− ∂2t u+
σij

a2
∂i∂ju, (5.11)
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which we can write as

□gu = −∂2t u− nȧ

a
∂tu+

1

a2
∆σu, (5.12)

where

∆σu =
1√
|σ|
∂i(σ

ij
√
|σ|∂ju). (5.13)

Thus, equations (5.12) and (5.13) define the wave operator in local coordinates for general dimension

n, scale factor a(t) and Riemannian metric σ.

5.2 Obtaing the Semilinear Wave Equation (5.1)

We now set the equivalent wave equation to (4.65) using the wave operator □g obtained in the

previous section. Given the sign of the metric in (5.2), i.e. (−,+,+,+), in order to recover equation (4.65)

the nonlinearity ϕ we need to consider is given by

ϕ(x, t, u, u′, u′′) = −(ut)
2, (5.14)

resulting in the following wave equation

□gu = −(ut)
2. (5.15)

From (5.12), using the assumption a(t) > 0, we can write

1

a2(t)

(
a2(t)∂2t u−∆σu

)
= −n∂ta∂tu

a(t)
+ (∂tu)

2. (5.16)

Considering a change of variable t→ τ given by

dτ

dt
=

1

a(t)
, τ(t) = τ(t0) +

∫ t

t0

1

a(s)
ds, t0 > 0, (5.17)

where τ is referred to as conformal time, we have

∂tu = (∂τu)
dτ

dt
=
∂τu

a(t)
,

∂ta =
∂τa

a(t)
,

∂2t u = (∂2τu)

(
dτ

dt

)2

+ (∂τu)
d2τ

dt2
= (∂2τu)

(
1

a(t)

)2

−
(
∂τu∂τa

a3(t)

)
,

(5.18)

and (5.16) becomes

1

a2

(
a2
(

1

a2
∂2τu− ∂τu

∂τa

a3

)
−∆σu

)
= −n∂τa∂τu

a3
+ (∂τu)

2 1

a2

⇔ ∂2τu−∆σu =
(1− n)∂τa∂τu

a(τ)
+ (∂τu)

2,

(5.19)
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leading to

∂2τu−∆σu = (1− n)
∂τa(τ)

a(τ)
∂τu+ (∂τu)

2. (5.20)

This sets a general version of our equation of interest for arbitrary dimension n, scale factor a(t),

satisfying a(t) ≥ 0 for t > 0, and Riemannian metric σ.

To finally obtain (5.1) we consider (5.20) with n = 3, with matrix representation for σ given by I3×3

and a(t) = tp for p ∈ [0, 1). The metric in (5.2) becomes

g := −dt2 + t2p
3∑
i=0

(dxi)2. (5.21)

for i = 1, 2, 3. Using equation (5.17) we have

τ(t) =
t1−p

1− p
− t1−p0

1− p
+ τ(t0), (5.22)

where we define

θ0(p) :=
t1−p0

1− p
− τ(t0), (5.23)

with p ∈ [0, 1). Solving for t(τ) we obtain

t(τ) = [(1− p)(τ + θ0)]
1

1−p . (5.24)

Thus

a(τ) = t(τ)p = [(1− p)(τ + θ0)]
p

1−p , (5.25)

and

∂τa(τ) = p

[
(1− p)(τ + θ0)

] 2p−1
1−p

, (5.26)

so that
∂τa(τ)

a(τ)
=

p

(1− p)(τ + θ0)
, (5.27)

and finally from (5.20)

□u = ∂2τu−∆u = − 2p

(1− p)(τ + θ0)
∂τu+ (∂τu)

2. (5.28)

To recover (5.1) we simply set θ0 = 1, for all p, which we can obtain by fixing an appropriate t0 > 0 and

by considering τ(t0) = 0. In particular,

t0 = (1− p)
1

1−p . (5.29)
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5.3 Motivation for Studying Equation (5.1)

As mentioned in the Introduction, for n = 3, the reasons for studying equation (5.1) are the following:

• for p = 0, which corresponds to Minkowski spacetime, i.e. a(t) = 1 and matrix representation for

σ given by the identity I3×3, we obtain

−□gu = □u = (∂tu)
2, (5.30)

which falls within Fritz John's corollary to Theorem 4.3.2, as shown by Proposition 4.2.1 and Remark

4.3.5. Thus, for non-trivial initial conditions of compact support, solutions of (5.30) blow up in

finite time.

• for p > 1, corresponding to an accelerated expansion with a(t) = tp and again matrix representation

forσ given by I3×3, for (5.2), Theorem 2.1 and Remark 2.2 of [CFO23] show that□g = −(∂tu)
2 admits

global non-trivial solutions for small initial data as a consequence of the accelerated character of

the expansion.

Our goal is to understand what happens for p ∈ (0, 1), in regards to global existence of solutions to

the IVP associated to (5.28). In particular, the remaining sections of this chapter are devoted to (so far

unsuccessful) attempts at proving blow-up of solutions for this IVP in different settings, first attempting

a continuity argument for small p and a second attempt using the method by Klainerman and Sarnack

when p = 1/2, following [NR23].

5.4 Solution Attempts

In this section we tackle the problem of understanding blow-up for solutions to the IVP in 3+1

dimensions associated to the following wave equation

□v(x, t) = − γ(p)

t+ 1
vt(x, t) + (vt(x, t))

2, for p ∈ (0, 1), (5.31)

with initial data v|t=0 and vt|t=0 of compact support and where γ(p) = 2p/(1− p). Let

ϕ(v′) := − γ(p)

t+ 1
vt + (vt)

2. (5.32)

Notice that this equation does not fall in the setting of previous theorems by Fritz John. First, it

immediately fails to satisfy (4.55). Furthermore, assumption (4.214) no longer holds, we do not have

non-negativity of ϕ, as in Theorem 4.3.3, see Figure 5.1.
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Figure 5.1: The right-hand side of (5.28) as a function of vt.

In the following subsection we try to adapt the ideas used in the proof of Theorems 4.3.1 and 4.3.2 in

an attempt to prove blow-up for small p. In particular, we comment on the obstructions that prevent us

from continuing a similar argument.

5.4.1 Attempt for small p > 0

Let v ∈ C3(R3 × R+) be a solution to the IVP associate to equation (5.31) for initial data of compact

support. First we summarize the steps which we can still use in this case.

1. The nonlinearity ϕ(v′) is C2 in its arguments and satisfies ϕ(0) = 0. Thus, we are in the setting of

Corollary 4.1.2 (uniqueness theorem) and we have v(x, t) = 0, for ∥x∥ > t+R, t ≥ 0, where R > 0

is such that both supp(v(x, 0)), and supp(vt(x, 0)) are contained in B(0, R).

2. Considering the spherical average of equation (5.31), by the Euler-Poisson-Darboux equation (3.19)

we obtain

□(rv̄) = − γ(p)

t+ 1
rv̄t + rv2t , (5.33)

where we are again considering the symmetric extension as in (4.131).

3. The solution to the 1+1-dimensional wave equation (5.33) is obtained by Duhamel's principle

(3.26) and is given by

v̄(r, t) = v̄0(r, t) +
1

2r

∫ ∫
Tr,t

(
− γ(p)ρ

τ + 1
v̄τ (ρ, τ) + ρv2τ (ρ, τ)

)
dτdρ, (5.34)

for (r, t) ∈ R× R+ and where v̄0(r, t) is given by (4.143).

4. Considering the same region Σ as in (4.145) and due to parity of the integrand and symmetry as

before, for (r, t) ∈ Σ we have v̄0(r, t) = 0 and we can reduce the above to

v̄(r, t) =
1

2r

∫ ∫
T∗
r,t

(
− γ(p)ρ

τ + 1
v̄τ (ρ, τ) + ρv2τ (ρ, τ)

)
dτdρ, (5.35)
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for (r, t) ∈ Σ. Using Cauchy-Schwarz, just as in (4.134), and commutation of time derivatives and

the spherical average we can further write

v̄(r, t) ≥ 1

2r

∫ ∫
T∗
r,t

(
− γ(p)ρ

τ + 1
v̄τ (ρ, τ) + ρv2τ (ρ, τ)

)
dτdρ, (5.36)

for (r, t) ∈ Σ.

5. From (a− b)2 ≥ 0 with a = 1/(τ + 1) and b = vτ we get

− vτ
τ + 1

≥ −1

2

(
v2τ +

1

(τ + 1)2

)
, (5.37)

so we can write (5.36) as

v̄(r, t) ≥ 1

2r

(
1− γ(p)

2

)∫ ∫
T∗
r,t

ρv2τdτdρ−
γ(p)

4r

∫ ∫
T∗
r,t

ρ

(τ + 1)2
dτdρ, (5.38)

for (r, t) ∈ Σ and where c = t− r defines the characteristic.

Remark 5.4.1. Estimate (5.37) can probably be improved upon.

6. To guarantee non-negativity of the left term on the right we choose, from this point onward,

1 − γ(p)/2 ≥ 0, i.e. we restrict p such that p ≤ 1/2. In this way the integral on the left can be

restricted to Sr,t, as defined in (4.157). Thus, for p ∈ [0, 1/2], we have

v̄(r, t) ≥ 1

2r

(
1− γ(p)

2

)∫ r

c

∫ ρ+c

ρ−R
ρv2τdτdρ−

γ(p)

4r

∫ ∫
T∗
r,t

ρ

(τ + 1)2
dτdρ, (5.39)

for (r, t) ∈ Σ.

7. Using the fundamental theorem of calculus and the fact that v(ρ, ρ−R) = 0 we have again∫ ρ+c

ρ−R
vτdτ = v(ρ, ρ+ c), (5.40)

which, using Cauchy-Schwarz's inequality as before, leads to

v2(ρ, ρ+ c) =

(∫ ρ+c

ρ−R
vτdτ

)2

≤
(∫ ρ+c

ρ−R
1dτ

)(∫ ρ+c

ρ−R
v2τdτ

)
, (5.41)

thus ∫ ρ+c

ρ−R
v2τdτ ≥ 1

Γ(c)

(∫ ρ+c

ρ−R
vτdτ

)2

=
1

Γ(c)
v2(ρ, ρ+ c), (5.42)

where Γ(c) = c+R.

8. So, for a fixed (r, t) ∈ Σ, along the characteristic defined by c = t− r we can write

v(r, c+ r) ≥ 1

2rΓ

(
1− γ(p)

2

)∫ r

c

ρv2(ρ, ρ+ c)dρ− γ(p)

4r

∫ ∫
T∗
r,c+r

ρ

(τ + 1)2
dτdρ. (5.43)
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All terms featuring γ(p) are new compared to the equivalent expression (4.194) in the proof of

Theorem 4.3.1. Rearranging terms to have non-negative quantities we get

v(r, c+ r) +
γ(p)

4r

∫ ∫
T∗
r,c+r

ρ

(τ + 1)2
dτdρ ≥ 1

2rΓ

(
1− γ(p)

2

)∫ r

c

ρv2(ρ, ρ+ c)dρ ≥ 0, (5.44)

for r > c > R and p ∈ [0, 1/2]. Defining again α(r) := v(r, c+ r) and β(r) :=
∫ r
c
ρv2(ρ, ρ+ c)dρ we have

as before

β′(r) = rα2(r) ≥ 0. (5.45)

Let also

f(r) :=
1

4

∫ ∫
T∗
r,c+r

ρ

(τ + 1)2
dτdρ, (5.46)

then (5.44) becomes

α(r) + γ(p)
f(r)

r
≥ 1

2rΓ

(
1− γ(p)

2

)
β(r) ≥ 0. (5.47)

Squaring (5.47) and rearranging leads to

α2(r) ≥ −γ2(p)f
2(r)

r2
− 2

γ(p)

r
α(r)f(r) +

1

4r2Γ2

(
1− γ(p)

2

)2

β2(r), (5.48)

which, using −2α(r)f(r) ≥ −α2(r)− f2(r) and rearranging again, leads to

α2(r)

(
1 +

γ(p)

r

)
≥ −γ(p)

r
f2(r)

(
1 +

γ(p)

r

)
+

1

4r2Γ2

(
1− γ(p)

2

)2

β2(r). (5.49)

Multiplying by r/(1 + γ(p)/r) and using (5.45) we finally obtain

β′(r) = rα2(r) ≥ −γ(p)f2(r) + 1

16Γ2

(2− γ(p))2

r + γ(p)
β2(r). (5.50)

Note that for p = 0, and thus γ(p) = 0, we recover exactly (4.197) as expected.

We now have two directions for continuing the argument. As in the proof of Theorem (4.3.1), where

K > 0, we can solve for the equality in (5.50), a Riccati ordinary differential equation, and try to obtain

blow-up directly or, as in the proof of Theorem (4.3.2), where K = 0, argue that a global C2 solution

must be trivial.

Arguing for the trivial solution: Explicitly noting the underlying dependence in p from now on, we

want to show β(r, p) = 0, for r > c, for some p ∈ (0, 1/2]. Assume it is false for all p ∈ (0, 1/2], i.e. there

exists r0(p) > c such that β(r0(p); p) > 0 for all p ∈ (0, 1/2]. Thus, from the fact that β′(r; p) ≥ 0, equation

(5.45), we have β(r; p) ≥ β(r0(p); p) > 0 for r > r0(p). Dividing (5.50) by β2(r; p) and integrating from

r0(p) to r we obtain∫ r

r0(p)

β′(s)

β2(s; p)
ds ≥ (2− γ(p))2

16Γ2

∫ r

r0(p)

1

s+ γ(p)
ds− γ(p)

∫ r

r0(p)

f2(s)

β2(s)
ds

⇔ 1

β(r0(p))
− 1

β(r)
≥ (2− γ(p))2

16Γ2
log

(
r + γ(p)

r0(p) + γ(p)

)
− γ(p)

∫ r

r0(p)

f2(s)

β2(s)
ds.

(5.51)
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Which, rearranging terms, leads to

β(r; p) ≥

(
1

β(r0(p); p)
− (2− γ(p))2

16Γ2
log

(
r + γ(p)

r0(p) + γ(p)

)
+ γ(p)

∫ r

r0(p)

f2(s)

β2(s; p)
ds

)−1

. (5.52)

For a fixed p ∈ (0, 1/2] we fix r̃ > r0(p) such that

1

β(r0(p); p)
− (2− γ(p))2

16Γ2
log

(
r̃ + γ(p)

r0(p) + γ(p)

)
< 0, (5.53)

which is clearly possible since the function is strictly decreasing and unbounded below. Over the integral

term

γ(p)

∫ r̃

r0(p)

f2(s)

β2(s; p)
ds, (5.54)

we have β2(s; p) ≥ β2(r0(p); p) > 0 for s > r0(p), it does not vanish. The term f2(s), recalling (5.46),

increases with s, however we can control the integral by making p small enough via the γ(p) factor. The

goal would be to show that the denominator on the right-hand side of (5.52) starts positive at r = r0, with

value 1/β(r0(p); p) > 0, and eventually becomes negative for some r ≤ r̃ by choosing p small enough.

The problem however is that changing p to a new (small) p∗ leads to a new β(r0(p
∗); p∗), possibly

requiring a different (larger) r̃. Furthermore, β2(s; p∗) can become arbitrarily small. Thus, it seems we

can not control the integral term (5.54) in this way.

In any case, even if β(r; p) = 0 for r > c and p ∈ (0, 1/2], which implies v(r, t) = 0 for (r, t) ∈ Σ via

the definition of β(r), from (5.38) and considering r ̸= 0, we conclude

γ(p)

2− γ(p)

∫ ∫
Λ

ρ

(τ + 1)2
dτdρ ≥

∫ ∫
Λ

ρv2τ (ρ, τ)dτdρ ≥ 0, (5.55)

where Λ is given by (4.199). Or, from (5.35), that

γ(p)

∫ ∫
Λ

ρvτ
(τ + 1)2

dτdρ =

∫ ∫
Λ

ρv2τdτdρ. (5.56)

This seems much weaker than the setting of Theorem 4.3.2. There, we haveB ≥ 0, i.e. non-negativity

on the right-hand side of (5.36), and also B ≥ 0 allowing us to conclude that B = 0 in Λ and setting up

(4.201).

Estimating the ODE: From (5.50) write

β′(r) ≥ q2(r)β
2(r)− q1(r), (5.57)

where

q2(r) :=
1

16Γ2

(2− γ(p))2

r + γ(p)
,

q1(r) := γ(p)f2(r)

(5.58)
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We now have the following fact: the function w(r) which satisfies equality in (5.57), i.e.

w′(r) = q2(r)w
2(r)− q1(r), (5.59)

is such that we have

β(r) ≥ w(r), (5.60)

for r ≥ r0 > c, provided that β(r0) ≥ w(r0), the proof can be seen in Appendix (A.3.1). Note that (5.59),

a Riccati equation, does not admit a trivial solution for q1(r) ̸= 0. We convert (5.59) to a second order

linear ODE.

Let v(r) = q2(r)w(r), then

v′(r) = q′2(r)w(r) + q2(r)w
′(r) = q′2(r)w(r) + q22(r)w

2(r)− q2(r)q1(r)

=
q′2(r)

q2(r)
v(r) + v2(r)− q2(r)q1(r)

(5.61)

recalling that q2(r) > 0 for r > c and p ∈ (0, 1/2). We now consider solutions v of the form v = −u′/u

obtaining from (5.61) the second order linear homogeneous ODE with variable coefficients

u′′(r)− q′2
q2

(r)u′(r)− q2(r)q1(r)u(r) = 0. (5.62)

In order to write this equation explicitly we first compute the f(r) term defined in (5.46). The following

figure shows the regions of integration.

Figure 5.2: Regions of integration for determining f(r).

Separating the integral in the three regions shown in Figure 5.2 and recalling that c = t− r we have

f(r) =
1

4

(∫ ∫
(I)

ρ

(τ + 1)2
dτdρ+

∫ ∫
(II)

ρ

(τ + 1)2
dτdρ+

∫ ∫
(III)

ρ

(τ + 1)2
dτdρ

)

=
1

4


∫ c

0

∫ c+ρ

c−ρ

ρ

(τ + 1)2
dτdρ︸ ︷︷ ︸

(I)

+

∫ r

c

∫ c+ρ

0

ρ

(τ + 1)2
dτdρ︸ ︷︷ ︸

(II)

+

∫ c+2r

r

∫ c+2r−ρ

0

ρ

(τ + 1)2
dτdρ︸ ︷︷ ︸

(III)


(5.63)
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1. Region (I): Region I is compact so the integral takes some finite value depending on c. In particular

we have ∫ c

0

∫ c+ρ

c−ρ

ρ

(τ + 1)2
dτdρ =

∫ c

0

(
ρ

c+ 1− ρ
− ρ

c+ 1 + ρ

)
dρ

= ((c+ 1) log(c+ 1)− c)− (−(c+ 1) log((2c+ 1)/(c+ 1)) + c)

= (c+ 1) log(2c+ 1)− 2c.

(5.64)

2. Region (II): We have∫ r

c

∫ c+ρ

0

ρ

(τ + 1)2
dτdρ =

∫ r

c

(
ρ− ρ

c+ 1 + ρ

)
dρ

=
1

2
(r2 − c2)− (r + c+ 1) + (c+ 1) log(r + c+ 1) + (2c+ 1)− (c+ 1) log(2c+ 1)

=
1

2
(r2 − c2)− (r − c) + (c+ 1) log

(
c+ r + 1

2c+ 1

)
.

(5.65)

3. Region (III): We have∫ c+2r

r

∫ c+2r−ρ

0

ρ

(τ + 1)2
dτdρ =

∫ c+2r

r

(
ρ− ρ

c+ 2r + 1− ρ

)
dρ

=
1

2

(
(c+ 2r)2 − r2

)
+ (c+ r)− (c+ 2r + 1) log(c+ r + 1).

(5.66)

Thus, we conclude that

f(r) =
r2

2
+
cr

2
− r

2
log(c+ r + 1). (5.67)

Re-writing (5.62) we obtain

u′′ +

(
1

r + γ(p)

)
u′ − γ(p)

16Γ2

(2− γ(p))2

r + γ(p)

(
r2

2
+
cr

2
− r

2
log(c+ r + 1)

)2

u = 0. (5.68)

In particular, since v(r) = −u′(r)/u(r), we want to determine zeroes of u(r) occurring at some point

r > r0 > c.

ODE parameter continuity: Recall the definition of β0(r) obtained in the proof of proposition (4.2.1)

β0(r) =

∫ r

c

ρv2(ρ, ρ+ c)dρ, (5.69)

where the included index reflects its correspondence to the p = 0 version of (5.31). At a certain point

in the proof we either have β0(r) = 0 in Σ, from which we conclude that v = 0 forcing trivial initial

conditions or, for non-trivial initial conditions, there exists r0 > c such that β0(r0) > 0, over some

characteristic c = t− r fixed henceforth.

Considering equality in (4.88) we set the following IVP

W ′
0(r) =

1

4rΓ2
W 2

0 (r), W0(r0) = β0(r0) > 0, (5.70)
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with solution given by

W0(r) =
1

1
W0(r0)

− 1
4Γ2 log

(
r
r0

) , (5.71)

which exists up to

r̃ = r0 exp

(
4Γ2

W0(r0)

)
. (5.72)

We consider the interval of existence of W0(r) within a compact set [r0, r1] for some r0 < r1 < r̃. Recall

that (5.70) corresponds to equality of

β′(r) = rα2(r) ≥ −γ(p)f2(r) + 1

16Γ2

(2− γ(p))2

r + γ(p)
β2(r), (5.73)

obtained in (5.50), in the p = 0 case. Considering equality for the above equation we obtain the following

ODE

W ′
p(r) = −γ(p)f2(r) + 1

16Γ2

(2− γ(p))2

r + γ(p)
W 2
p (r). (5.74)

We now make use of the following theorem, from [CL55], pertaining to continuous variation of solutions

of ODEs with respect to parameters

Theorem 5.4.1. Let D be a domain of (t, x) space, Iµ the domain |µ − µ0| < c, c > 0, and Dµ the set of all

(t, x, µ) satisfying (t, x) ∈ D, µ ∈ Iµ. Suppose f is a continuous function onDµ bounded by a constantM there.

For µ = µ0 let

x′ = f(t, x, µ) x(τ) = ξ (4.1) (5.75)

have a unique solution φ0 on the interval [a, b], where τ ∈ [a, b]. Then there exists a δ > 0 such that, for any fixed

µ satisfying |µ− µ0| < δ, every solution φµ of (4.1) exists over [a, b] and as µ→ µ0

φµ → φ0 (5.76)

uniformly over [a, b].

Considering both IVPs in W0(r) and Wp(r) from (5.71) and (5.74) of the form{
W ′

0(r) = g(r,W0, p = 0),

W ′
p(r) = g(r,Wp, p),

(5.77)

with initial condition Wp(r) = W0(r) = β0(r0) > 0. From the above theorem, since g is continuous in

its arguments and bounded for |p| < 1/2 and r ∈ [r0, r1], given ϵ > 0 there exists δ > 0 such that if

|p| < δ < 1/2 we have

|Wp(r)−W0(r)| < ϵ. (5.78)

If we let ϵ =W0(r0)/2 there exists δ0 > 0 such that for |p| < δ0 < 1/2 we have in particular

0 < W0(r0)/2 < Wp(r0) < (3/2)W0(r0). (5.79)
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We would now like to compare Wp(r) with βp(r), for r > r0, by using the result proved in (A.3.1) which

requires an initial condition. However, since we only know βp(r) at c, where βp(c) = 0 by definition,

this would require the previous argument to be considered at c, instead of r0, where β0(c) = 0 forcing

W0(r) = 0 resulting only in |Wp(r)| < ϵ from the continuity argument, we lose the positivity result we

wanted.

In any case we assume this result holds from now on (we have hope that the following may still be

useful in a later argument). Suppose that, for |p| < δ0, βp(r) ≥Wp(r) for r > r0, whereWp(r0) > W0(r0)/2

and β′
p(r) ≥ 0, from its definition. Recall from (5.52) that

βp(r) ≥
(

1

βp(r0)
− (2− γ(p))2

16Γ2
log

(
r + γ(p)

r0 + γ(p)

)
+ γ(p)

∫ r

r0

f2(s)

β2
p(s)

ds

)−1

, (5.80)

for |p| < 1/2 and r > c. Let r∗ > r0 > c be such that, for |p| < δ0, we have

2

W0(r0)
− (2− γ(p))2

16Γ2
log

(
r∗ + γ(p)

r0 + γ(p)

)
= A < 0. (5.81)

Since βp(r0) ≥W0(r0)/2 for |p| < δ0 we have

1

βp(r0)
− (2− γ(p))2

16Γ2
log

(
r∗ + γ(p)

r0 + γ(p)

)
≤ A < 0. (5.82)

Furthermore, we have ∫ r∗

r0

f2(s)

β2
p(s)

ds ≤ 1

β2
p(r0)

∫ r∗

r0

f2(s)ds ≤M, (5.83)

for some M > 0 since β′
p(r) ≥ 0 and f(s) ∼ r2. Thus, there exists 0 < δ1 < δ0 such that γ(p)M < |A|/2,

for which we obtain

A+ γ(p)M < 0, (5.84)

provided |p| < δ1. This implies that the denominator on the right hand side of (5.80) goes from being

positive at r = r0 to negative at r = r∗, for values of |p| < δ1, and therefore blow-up of β(r) must occur

somewhere in between.

5.4.2 Klainerman and Sarnack method (p = 1/2)

In this section we consider the initial value problem (5.31) for p = 1/2. In this setting one case use

the method of Klainerman and Sarnack [KS81] to map solutions u of (5.31) to a transformed solution

Ôu of a simpler wave equation. We follow the procedure in [NR23], by Natário and Rossetti, where the

method, among other results, is used to find explicit solutions for the homogeneous wave equation in a

FLRW background.

Recalling our starting point, just as in (5.15), we are interested in understanding blow-up phenomena

for the solution of

□gu = −(ut)
2, (5.85)
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with a (3+1)-dimensional FLRW metric given by

g := −dt2 + t2p
3∑
i=1

(dxi)2. (5.86)

As seen in the previous sections, by changing to conformal time τ , given by equation (5.17) (which we

relabel as t onwards) we obtain (5.28). For p = 1/2 this leads to

□u = − 2

(t+ 1)
ut + (ut)

2, (5.87)

Briefly, the goal of the method of Klainerman and Sarnack is to find an invertible operator Ô which maps

solutions u of the wave-equation in a given FLRW spacetime to solutions Ôu of a wave equation in a

simpler geometry, recovering u by applying the inverse of this operator.

Following [NR23], in our present case of flat spacial slices, we assume there exists an operator Ô

which commutes with ∆ and satisfies

Ô

(
∂2t u+

2

t+ 1
∂tu

)
= ∂2t (Ôu). (5.88)

Then, from equation (5.87), Ôu satisfies the following wave equation

∂2t (Ôu)−∆(Ôu) = Ô
(
(ut)

2
)
. (5.89)

We admit the existence of an operator Ô of the form

Ôu = f(t)ut + g(t)u, (5.90)

where f and g are functions to be determined. Substituting in (5.88) we obtain(
2

t+ 1
f(t)− 2f ′(t)

)
utt +

(
− 2

(t+ 1)2
f(t)− f ′′(t)− 2g′(t) +

2

t+ 1
g(t)

)
ut − g′′(t)u = 0. (5.91)

This equation holds, independently of u, if the following constraints are satisfied
2
t+1f(t)− 2f ′(t) = 0,

− 2
(t+1)2 f(t)− f ′′(t)− 2g′(t) + 2

t+1g(t) = 0,

g′′(t) = 0,

(5.92)

which leads to 
f(t) = k(t+ 1),

− 2
(t+1)2 f(t)− f ′′(t)− 2g′(t) + 2

t+1g(t) = 0,

g(t) = at+ b,

(5.93)

with a, b, k ∈ R, (a, b, k) ̸= (0, 0, 0), and provided that b−k−a = 0, as obtained from the middle condition

in (5.93). Letting k = 0, we have b = a, and, setting b = a = 1, we have

Ôu = (t+ 1)u, (5.94)
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eliminating the ut term in (5.90). Note that there is no combination of (a, b, k) ̸= (0, 0, 0) eliminating only

u. Thus, equation (5.89) becomes

∂2t ((t+ 1)u)−∆((t+ 1)u) = (t+ 1)(ut)
2. (5.95)

Setting v = (t+ 1)u, equation (5.95) becomes

□v =
(vt)

2

t+ 1
− 2vvt

(t+ 1)2
+

v2

(t+ 1)3
, (5.96)

which we can also write as

□v =
1

(t+ 1)3
((t+ 1)vt − v)

2
. (5.97)

This equation is not in the setting of Theorem 4.3.3, since the right-hand side does not necessarily vanish

for vt = 0. It is also not obvious whether it can be put in a form that matches the setting of Theorem 4.3.2

since, if v or vt are non-zero, we must have B(x, t, v, v′) > 0, condition (4.102), and thus a ∂tB term must

necessarily appear on the right-hand side of the wave equation, i.e. we can not just absorb everything in

the A(x, t, v, v′, v′′) term.

In any case, we now proceed similarly to the proof of Theorem 4.2.1. Taking the spherical average of

equation (5.97) and using the Euler-Poisson-Darboux equation (3.19) we obtain

∂2t (v)−
2

r
(v)r − (v)rr =

1

(t+ 1)3
((t+ 1)vt − v)

2 (5.98)

which, multiplying by r, leads to

□(rv) =
r

(t+ 1)3
((t+ 1)vt − v)

2
. (5.99)

Definingψ(r, t) := rv(r, t), by Duhamel’s representation formula (3.26) the solution to the above equation

is given by

ψ(r, t) =
ψ(r − t, 0) + ψ(r + t, 0)

2
+

1

2

∫ r+t

r−t
(∂tψ)(ρ, 0)dρ

+
1

2

∫ ∫
Tr,t

ρ

(τ + 1)3
((τ + 1)vτ − v)

2
dρdτ,

(5.100)

for t > 0. Leading to, for r > 0,

v(r, t) = v0(r, t) +

∫ ∫
Tr,t

ρ

(τ + 1)3
((τ + 1)vτ − v)

2
dρdτ, (5.101)

for t > 0, r > 0, where

v0(r, t) =
(r + t)v(r + t, 0) + (r − t)v(r − t, 0)

2r
+

1

2r

∫ r+t

r−t
ρvt(ρ, 0)dρ. (5.102)
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Consider again the wedge shaped region Σ given by

Σ = {(r, t) | r +R < t < 2r}, (5.103)

by choosing (r, t) ∈ Σ we have, by the same reasons as in (4.146) and (4.147),

v0(r, t) = 0, (5.104)

and thus

v(r, t) =
1

2r

∫ ∫
Tr,t

ρ

(τ + 1)3
((τ + 1)vτ − v)

2
dρdτ, for (r, t) ∈ Σ. (5.105)

For the same region Sr,t and the same reasoning as in Theorem 4.2.1, for fixed (r, t) ∈ Σ, and defining

c := t− r, we can write

v(r, t) ≥ 1

2r

∫ ∫
Sr,t

ρ

(τ + 1)3
((τ + 1)vτ − v)

2
dρdτ =

1

2r

∫ r

c

∫ ρ+c

ρ−R

ρ

(τ + 1)3
((τ + 1)vτ − v)

2
dτdρ. (5.106)

Using (4.79) we obtain

v(r, t) ≥ 1

2r

∫ r

c

∫ ρ+c

ρ−R

ρ

(τ + 1)3
((τ + 1)vτ − v)

2
dτdρ. (5.107)

which, so far, has not shown itself very amenable to obtaining an ODE type inequality.
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A
Appendix

A.1 Appendix to Chapter 2

A.1.1 d'Alembert's Formula via change of variables

Consider new variables ξ and η given by{
ξ = x+ t,

η = x− t,
=⇒

{
x = 1

2 (ξ + η),

t = 1
2 (ξ − η).

(A.1)

The wave equation in (2.3), over the variables ξ and η, becomes

uξη = 0 ⇔ ∂η(∂ξu) = 0 =⇒ ∂ξu = f(ξ), (A.2)

for some unknown function f . Integrating in ξ we obtain∫ ξ

a

∂su(s, η) ds =

∫ ξ

a

f(s) ds,

⇔ u(ξ, η) = u(a, η)︸ ︷︷ ︸
=:G(η)

+

∫ ξ

a

f(s) ds︸ ︷︷ ︸
=:F (ξ)

= G(η) + F (ξ),
(A.3)

for some a ∈ R, with a < ξ, leading to

u(x, t) = F (x+ t) +G(x− t). (A.4)

Using the initial conditions of (2.3), we obtain

u(x, 0) = F (x) +G(x) = g(x), (A.5)

and

ut(x, 0) = F ′(x)−G′(x) = h(x). (A.6)

Differentiating (A.5) together with (A.6) leads to{
F ′(x) +G′(x) = g′(x),

F ′(x)−G′(x) = h(x),
(A.7)
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which we can solve for F ′(x) and G′(x) obtaining{
F ′(x) = 1

2

(
g′(x) + h(x)

)
,

G′(x) = 1
2

(
g′(x)− h(x)

)
.

(A.8)

From (A.8), integrating the first equation from 0 to x + t, the second from 0 to x − t, and using the

fundamental theorem of calculus leads to{
F (x+ t) = F (0) + 1

2

(
g(x+ t)− g(0)

)
+ 1

2

∫ x+t
0

h(s)ds,

G(x− t) = G(0) + 1
2

(
g(x− t)− g(0) + 1

2

∫ 0

x−t h(s)ds.
(A.9)

Thus, using (A.4), and the fact that g(0) = F (0) +G(0) from (A.5), leads again to d’Alembert's formula

u(x, t) =
1

2

[
g(x+ t) + g(x− t)

]
+

1

2

∫ x+t

x−t
h(s)ds, x ∈ R, t ≥ 0. (A.10)

The solution is of the form

u(x, t) = F (x+ t) +G(x− t), (A.11)

for appropriate functions F and G which depend on the initial conditions. Physically, the solution

represents a disturbance propagating to the left and another one propagating to the right respectively.

A.1.2 Energy Methods

Definition A.1.1. (Energy)

Let U ⊂ Rn be an open bounded set with a smooth boundary ∂U , UT := U × (0, T ], ΓT = UT \ UT , T > 0, and

u a C2(UT ) solution of the following initial/boundary-value problem
utt −∆u = f(x, t), (x, t) ∈ U × (0, T ],

u(x, 0) = g(x), x ∈ ΓT ∪ (U × {t = 0}) ,
ut(x, 0) = h(x), x ∈ U .

(A.12)

We define the energy E : [0, T ] → R, associated to u, as

E(t) :=
1

2

∫
U
u2t (x, t) + ∥∇u(x, t)∥2dx, t ∈ [0, T ]. (A.13)

The following theorem establishes uniqueness of solutions for the linear wave equation.

Theorem A.1.1. (Uniqueness)

There exists at most one function u ∈ C2(UT ) which is solution of the initial value problem (A.12).

Proof. Suppose there is another solution ũ of (A.12). Then, if we let w := u− ũ, w solves
wtt −∆w = 0, (x, t) ∈ U × (0, T ],

w(x, 0) = 0, x ∈ ΓT

wt(x, 0) = 0, x ∈ U .
(A.14)
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Differentiating the energy associated to w, as defined above, and integrating by parts we obtain

Ė(t) :=
dE

dt
(t) =

1

2

d

dt

(∫
U
w2
t + ∥∇w∥2dx

)
=

∫
U
wtwtt +∇w · ∇wt dx

=

∫
∂U
wt∇w · n̂ dS +

∫
U
wtwtt − wt∆w dx

=

∫
U
wt(wtt −∆w) dx = 0,

(A.15)

where the boundary term disappears since w(x, t) = 0 on ∂U and thus also wt(x, t) = 0 in ∂U . We

conclude that Ė(t) = 0 which implies that E(t) = E(0).

From the initial conditions of (A.14) we have E(0) = 0 therefore, since E(t) = E(0) = 0, we have

wt(x, t) = 0 and ∇w(x, t) = 0 in UT . Thus, w is constant in UT and since w(x, 0) = 0 in U we conclude

that w(x, t) = 0 in UT and therefore u = ũ in UT . ■

One can also understand the domain of dependence of the solution of the wave-equation via energy

methods. Defining the backwards wave cone K(x0, t0), with vertex (x0, t0), by

K(x0, t0) := {(x, t) | 0 ≤ t ≤ t0, ∥x− x0∥ ≤ t0 − t}, (A.16)

we have the following result.

Theorem A.1.2. (Finite speed of propagation)

Let u ∈ C2 be a solution of

utt −∆u = 0, (A.17)

for (x, t) ∈ Rn × (0,∞), and let (x0, t0) be such that B(x0, t0) ⊆ Rn. If the initial conditions vanish in

B(x0, t0)× {t = 0} then u(x, t) = 0 for (x, t) ∈ K(x0, t0).

Proof. Fix (x0, t0) ∈ Rn × (0,∞) and define the local energy

e(t) :=
1

2

∫
B(x0,t0−t)

u2t + ∥∇u∥2dx, t ∈ [0, t0], (A.18)

which corresponds to the energy restricted to B(x0, t0 − t). Differentiating the local energy and setting

B := B(x0, t0 − t) in intermediate steps to ease notation, we have

ė(t) =
1

2

d

dt

(∫ t0−t

0

∫
∂B(x0,r)

(u2t + ∥∇u∥2)dS(x)dr
)

=

= −1

2

∫
∂B

(u2t + ∥∇u∥2) dS(x) +
∫
B

(ututt +∇u · ∇ut) dx

= −1

2

∫
∂B

(u2t + ∥∇u∥2) dS(x) +
∫
∂B

ut∇u · n̂ dS(x) +
∫
B

ut(utt −∆u) dx

=

∫
∂B(x0,t0−t)

(
ut∇u · n̂− 1

2
u2t −

1

2
∥∇u∥2

)
dS(x),

(A.19)
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where we used Leibniz's integral rule, integration by parts as before and the fact that u satisfies (A.17).

Using Cauchy-Schwartz's inequality and the fact that (a− b)2 ≥ 0 with a = ut and b = ∥∇u∥, we obtain∣∣ut∇u · n̂
∣∣ ≤ |ut|∥∇u∥ ≤ 1

2
u2t +

1

2
∥∇u∥2. (A.20)

As such, we conclude that ė(t) ≤ 0 which implies e(t) ≤ e(0) = 0 and therefore e(t) = 0 for all t ∈ [0, t0].

Thus, ut = ∇u = 0 inside K(x0, t0) and, since u(x, 0) = ut(x, 0) = 0 in B(x0, t0), this implies that

u(x, t) = 0 in K(x0, t0). ■

Remark A.1.1. The theorem states that if the initial conditions are zero in the base of the cone, then u is zero in

the cone. This shows that the speed of propagation must satisfy v ≤ 1, since initial conditions outside the base of

the cone have no influence on the solution inside the cone. For n = 3 (and odd n ≥ 3 in general) one can conclude

that v = 1 via the representation formula.

Remark A.1.2. This theorem also shows uniqueness within the cone. Given arbitrary initial conditions in the base

of the cone, then any two solutions u and v must coincide within the cone. Consider arbitrary initial conditions

in B(x0, t0) × {t = 0} and suppose the initial value problem has solutions u and v within the cone K(x0, t0).

We can consider an initial-value problem for the difference w = u − v, which has trivial initial conditions in

B(x0, t0) × {t = 0}. By linearity, w satisfies the initial-value problem above and we conclude that u = v in the

cone K(x0, t0).

A.2 Appendix to Chapter 4

A.2.1 Proof of property (4.9)

Proof. Recalling the definition of ψ(x, λ), equation (4.7), where x is such that ∥x−x0∥ < a and 0 ≤ λ < a,

we have

max |ψ(x, λ)| ≤
maxx

(
|2λ(a2 − ∥x− x0∥2)|

)
minx

(
|a2 + λ2 +

√
(a2 − λ2)2 + 4λ2∥x− x0∥2|

) =
2λa2

2a2
= λ, (A.21)

which occurs at x = x0. ■

A.2.2 Proof of property (4.10)

Proof. We define ρ := ∥x− x0∥ and compute the partial derivative

ψλ =
2(a2 − ρ2)

a2 + λ2 +
√
(a2 − λ2)2 + 4λ2ρ2

− 4λ2
(
a2 − ρ2

) 1 + λ2−a2+2ρ2√
(a2−λ2)2+4λ2ρ2(

a2 + λ2 +
√

(a2 − λ2)2 + 4λ2ρ2
)2
 . (A.22)

The left term is at most (2a2)/(2a2) = 1, when ρ = 0. The numerator of the second term we can write as

−4λ2
(
a2 − ρ2

)(
1 +

λ2 − a2√
(a2 − λ2)2 + 4λ2ρ2

+
2ρ2√

(a2 − λ2)2 + 4λ2ρ2

)
(A.23)
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Sending the right most term to zero, since it is negative and we are looking for an upper bound, and

reducing the remaining terms to the same denominator we get

−4λ2(a2 − ρ2)

(√
(a2 − λ2)2 + 4λ2ρ2 + λ2 − a2√

(a2 − λ2)2 + 4λ2ρ2

)
. (A.24)

Since the term involving the square root is negative, and will be largest for x = x0, we get

−4λ2(a2 − ρ2)

(
a2 − λ2 + λ2 − a2√
(a2 − λ2)2 + 4λ2ρ2

)
= 0, (A.25)

concluding that ψλ ≤ 1. We now show that ψλ ≥ 0 in order to conclude that |ψλ| ≤ 1. We can write

(A.22) as

ψλ = 2(a2 − ρ2)

 a2 + λ2 +
√

(a2 − λ2)2 + 4λ2ρ2(
a2 + λ2 +

√
(a2 − λ2)2 + 4λ2ρ2

)2 −
λ

(
2λ+ 2λ(λ2−a2)+4λρ2√

(a2−λ2)2+4λ2ρ2

)
(
a2 + λ2 +

√
(a2 − λ2)2 + 4λ2ρ2

)2
 . (A.26)

Since the denominator is always positive and (a2 − ρ2) > 0 we have

sgn(ψλ) = sgn
(
a2 + λ2 +

√
(a2 − λ2)2 + 4λ2ρ2 − λ

(
2λ+

2λ(λ2 − a2) + 4λρ2√
(a2 − λ2)2 + 4λ2ρ2

))
. (A.27)

For λ ̸= 0 this is equivalent to

sgn
(
2λ2
(
a2

2λ2
+

1

2
+

√
(a2 − λ2)2 + 4λ2ρ2

2λ2

)
− 2λ2

(
1 +

λ2 − a2 + 2ρ2√
(a2 − λ2)2 + 4λ2ρ2

))
, (A.28)

and, because a > λ, the term a2/(2λ2) is larger than 1/2 which, together with the other 1/2, takes care of

the one on the right. Thus, we can simply look at

sgn
(√

(a2 − λ2)2 + 4λ2ρ2

2λ2
− λ2 − a2 + 2ρ2√

(a2 − λ2)2 + 4λ2ρ2

)
. (A.29)

Reducing to the same denominator and again ignoring positive terms we obtain

(a2 − λ2)2 + 4λ2ρ2 − 2λ2(λ2 − a2 + 2ρ2) = (a2 − λ2)2 − 2λ2 (λ2 − a2)︸ ︷︷ ︸
<0

> 0, (A.30)

since 0 ≤ λ < a. If λ = 0 expression (A.27) is just 2a2 > 0 so we conclude that |ψλ| ≤ 1. ■

A.2.3 Proof of property (4.11)

Proof. We first compute the partial derivative

∂iψ =
−4λ(xi − x0,i)

a2 + λ2 +
√
(a2 − λ2)2 + 4λ2∥x− x0∥2

− 4λ2(xi − x0,i)(2λ(a
2 − ∥x− x0∥2))√

(a2 − λ2)2 − 4λ2∥x− x0∥2
(
a2 + λ2 +

√
(a2 − λ2)2 + 4λ2∥x− x0∥2

)2
=

(
−4λ(xi − x0,i)

a2 + λ2 +
√
(a2 − λ2)2 + 4λ2∥x− x0∥2

)
×(

1 +
2λ2(a2 − ∥x− x0∥2)√

(a2 − λ2)2 + 4λ2∥x− x0∥2(a2 + λ2 +
√

(a2 − λ2)2 + 4λ2∥x− x0∥2)

)
.

(A.31)
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Thus∑
i

(∂iψ)
2 =

16λ2∥x− x0∥2

(a2 + λ2 +
√
(a2 − λ2)2 + 4λ2∥x− x0∥2)2

×

(
1 +

2λ2(a2 − ∥x− x0∥2)√
(a2 − λ2)2 + 4λ2∥x− x0∥2

(
a2 + λ2 +

√
(a2 − λ2)2 + 4λ2∥x− x0∥2

))2

.

Letting ρ := ∥x− x0∥2, Ω :=
√

(a2 − λ2)2 + 4λ2ρ2 and k := a2 + λ2 +Ω we have

∑
i

(∂iψ)
2 =

16λ2ρ2

k2

(
kΩ+ 2λ2(a2 − ρ2)

Ωk

)2

= 16λ2
ρ2

Ω2︸︷︷︸
=:F1(ρ)

(
kΩ+ 2λ2(a2 − ρ2)

k2︸ ︷︷ ︸
=:F2(ρ)

)2

.
(A.32)

Note that

k2 = (a2 + λ2)2 + 2(a2 + λ2)Ω + (a2 − λ2)2 + 4λ2ρ

= 2
(
(a2 + λ2)Ω + (a2 − λ2)2 + 4λ2ρ+ 2λ2(a2 − ρ)

)
= 2
(
kΩ+ 2λ2(a2 − ρ)

)
,

(A.33)

therefore F2(ρ) = 1/2 and ∑
i

(∂iψ)
2 = 4λ2

ρ2

Ω2
. (A.34)

We now compute

dF1

dρ
=

2ρΩ2 − 2ΩΩ′ρ2

Ω4
=

2ρ

Ω4
(Ω2 − 4λ2ρ2) =

2ρ

Ω4
= (a2 − λ2)2 > 0, (A.35)

where Ω′ = 4λ2ρ/Ω. Thus, recalling (4.11), we have

θ =
∑
i

(∂iψ)
2 = 4λ2

ρ2

Ω2
, (A.36)

furthermore, since 0 ≤ ρ < a, we have ∂F1/∂ρ > 0, and the maximum value of θ occurs at ρ = a, we

conclude

θ =
∑
i

(∂iψ)
2 ≤

∑
i

(∂iψ)
2

∣∣∣∣
ρ=a

=
4λ2a2

(a2 − λ2)2 + 4λ2a2
=

(
2λa

a2 + λ2

)2

< 1. (A.37)

■

A.2.4 Proof of property (4.26)

Proof. Applying Taylor’s theorem to ϕ at p := (x, t, 0, 0, u′′), we have

ϕ(x, t, u, u′, u′′)
∣∣
p
= ϕ(x, t, 0, 0, u′′) + u

∂ϕ

∂u

∣∣∣∣
p

+ u′ · ∂ϕ
∂u′

∣∣∣∣
p

+R(u, u′)

= u
∂ϕ

∂u

∣∣∣∣
p

+ u′ · ∂ϕ
∂u′

∣∣∣∣
p

+R(u, u′),

(A.38)
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where ϕ(x, t, 0, 0, u′′) = 0 from assumption (4.2) and R(u, u′) is a remainder term of second order terms

in u and u′. Using the triangle inequality and Cauchy-Schwarz’s inequality we obtain

|ϕ(x, t, u, u′, u′′)| =

∣∣∣∣∣u∂ϕ∂u
∣∣∣∣
(x,t,0,0,u′′)

+ u′ · ∂ϕ
∂u′

∣∣∣∣
(x,t,0,0,u′′)

+R(u, u′)

∣∣∣∣∣
≤ |R(u, u′)|+

(∣∣∣∣∣∂ϕ∂u
∣∣∣∣
p

∣∣∣∣∣+
∥∥∥∥∥ ∂ϕ∂u′

∣∣∣∣
p

∥∥∥∥∥
)
(|u|+ ∥u′∥).

(A.39)

Using |u| ≤
√
u2 + a∥u′∥2, ∥u′∥ ≤

√
1/a
√
u2 + a∥u′∥2 and assuming for now

√
u2 + a∥u′∥2 ̸= 0, we

have

|ϕ(x, t, u, u′, u′′)| ≤ |R(u, u′)|√
u2 + a∥u′∥2

√
u2 + a∥u′∥2 + 2

(∣∣∣∣∣∂ϕ∂u
∣∣∣∣
p

∣∣∣∣∣+ 1√
a

∥∥∥∥∥ ∂ϕ∂u′
∣∣∣∣
p

∥∥∥∥∥
)√

u2 + a∥u′∥2. (A.40)

Since x, t, u, u′, u′′ are bounded in K(x0, a), then ϕ, ϕu and ϕu′ are bounded, because ϕ is C2, and so is

|R(u, u′)|. Defining then

M ′ := max

{
|R(u, u′)|√
u2 + a∥u′∥2

,

∣∣∣∣∣∂ϕ∂u
∣∣∣∣
p

∣∣∣∣∣ , 1√
a

∥∥∥∥∥ ∂ϕ∂u′
∣∣∣∣
p

∥∥∥∥∥
}
, (A.41)

we obtain

|ϕ(x, t, u, u′, u′′)| ≤ 5M ′
√
u2 + a∥u′∥2. (A.42)

If however
√
u2 + a∥u′∥2 = 0, then u = 0 and u′ = 0. From (4.2), equation (A.42) still holds therefore,

letting M := 5M ′, we conclude

|ϕ(x, t, u, u′, u′′)| ≤M
√
u2 + a∥u′∥2. (A.43)

■

A.2.5 Proof of equation (4.208)

For the properties of the Fourier transform used in the following proof see Theorem 2 of Section 4.3

in [Eva10].

Proof. Consider first a ̸= 0, b ̸= 0, and thus m = |a/b| ̸= 0. Let

ũ(x, t∗) := u(x/m, t∗), (A.44)

and

Ã(x, t∗, ũ(x, t), ũ′(x, t), ũ′′(x, t)) := A(x/m, t∗, u(x/m, t∗), u′(x/m, t∗), u′′(x/m, t∗)). (A.45)

Then, since ∆ũ(x, t) = 1/m2∆u(x/m, t), equation (4.207) becomes

ũ(x, t∗)−∆ũ(x, t∗) =
1

m2
Ã (x, t∗, ũ(x, t), ũ′(x, t), ũ′′(x, t)) =:

1

m2
Ã(x) ≥ 0, (A.46)
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Since we are under the assumption that u(x; t∗) ∈ C2(R3) we consider the domain to be x ∈ R3, i.e.

we do not impose explicit boundary conditions. To solve this, we consider the Fourier transform of the

above equation in the space domain, following Example 1 of Section 4.3.1 of [Eva10] which provides a

method for finding the solution of −∆u + u = f in Rn. The Fourier transform requires all functions in

(A.46) to be in L2(R3) which is the case since u has compact support for each fixed t∗. This leads to

F(ũ−∆ũ) = F(Ã/m2)

⇔ F(ũ)(z, t∗) =
F(Ã/m2)

1 + ∥z∥2

⇔ ũ(x, t∗) = F−1

(
F(Ã/m2)

1 + ∥z∥2

)
=

Ã ∗B
m2(2π)3/2

,

(A.47)

where ∗ is the convolution operator and

B(x) := F−1

(
1

1 + ∥z∥2

)
. (A.48)

Again, as seen in Example 1 of Section 4.3.1 of [Eva10], one can compute the inverse Fourier transform

to obtain

B(x) =
1

23/2

∫ ∞

0

e−s−
∥x∥2
4s

s3/2
ds, for x ̸= 0. (A.49)

And thus

ũ(x, t) =
1

(4π)3/2

∫
R3

Ã(z)

m2

(∫ ∞

0

e−s−
∥x−z∥2

4s

s3/2
ds

)
dz. (A.50)

Performing the change of variables z → my and evaluating at mx we obtain

u(x, t) = ũ(mx, t) =
1

(4π)3/2

∫
R3

A(y)

m

(∫ ∞

0

e−s−
m∥x−y∥2

4s

s3/2
ds

)
dy. (A.51)

If a = 0, b ̸= 0, equation (4.207) corresponds to Poisson’s equation which has a known solution (see

Theorem 1 of Section 2.2 of [Eva10]) given by

u(x, t) =
1

4π

∫
R3

A(y)

∥x− y∥
dy. (A.52)

■

A.3 Appendix to Chapter 5

A.3.1 Proof of equation (5.60)

Proof. Let ∆(r) := β(r) − w(r) and let r0 > c be such that β(r0) ≥ w(r0). We want to prove that, for

r ≥ r0, we have ∆(r) ≥ 0. Since

∆′(r) ≥ q2(r)(β
2(r)− w2(r))

= q2(r)(β(r)− w(r))(β(r) + w(r))

= ∆(r)q2(r)(β(r) + w(r))

= ∆(r)g(r),

(A.53)
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where g(r) := q2(r)(β(r) + w(r)). We obtain then

∆′(r) ≥ ∆(r)g(r). (A.54)

Since g(r) is continuous by assumption we consider the integrating factor

µ(r) = e
−

∫ r
r0
g(t)dt

, (A.55)

and we can write

µ(r)∆′(r)− g(r)µ(r)∆(r) ≥ 0, (A.56)

which is equivalent to

(µ(r)∆(r))′ ≥ 0. (A.57)

Since µ(r0)∆(r0) ≥ 0 and (µ(r)∆(r))′ ≥ 0, for all r > r0 > c, we have µ(r)∆(r) ≥ 0 for r ≥ 0 and thus

∆(r) ≥ 0 for r ≥ r0, concluding the proof. ■
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