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1. Introduction

This project arises within the context of a research project course, part of the masters in
mathematics and applications at Técnico Lisboa (IST). The current version consists mostly of
independent study supervised by Professor Joao Pimentel Nunes, to whom I am very grateful to
for the support, the several meetings through Skype and the various revisions of this document.

The topics covered in this work are mainly on symplectic geometry, geometric quantization
and complex Hamiltonian flows. Although we begin with differential geometry, the exposi-
tion is very personal in the sense that it shows no particular structure and is comprised
of concepts which were, at an initial stage, poorly understood by the author. In no way does
it contain all the necessary background in differential geometry to understand the remaining topics.

Briefly, in each chapter we cover the following:

¢ (2) Differential Geometry: We begin by recalling the notions of immersion, submer-
sion, submanifolds, foliations, distributions and the Frobenius theorem. These
topics will be of particular importance when considering polarizations and the half-form
correction; We then cover the basics of de Rham Cohomology which will be related to
conditions that guarantee that a certain curvature form will be of the necessary type to
obtain a prequantization map on a general symplectic manifold; We end this section on
Fiber bundles, surely the most important section on the differential geometry chapter for
our purposes. In particular, we will have to consider complex line bundles on symplectic
manifolds to perform the Kostant-Souriau prequantization and later the canonical bundle,
and a few related others, when considering the half-form correction. The main references
used for this chapter were the notes by Rui Loja Fernandes [17] and the book by |Leonor
Godinho and José Natario| [12].

e (3) Symplectic Geometry: In this chapter we begin by introducing the symplectic
structure on vector spaces and how it extends to the case of a manifold structure,
symplectic manifolds; We look at the pivotal Darboux’s theorem, relying on Moser’s
relative theorem, which shows that dimension is the only local invariant on symplectic
manifolds; We then cover almost complex structures, in particular the Dolbeault
splitting on the complexified tangent and cotangent bundles, allowing us to define forms
of type (1,m); We will then see how this splitting is reflected in the space of forms in
the case of complex manifolds and particularly in the case when we have a triple of
compatible structures, symplectic, Riemannian and complex, i.e., Kdhler manifolds; The
main references used for this chapter were the books by |Ana Cannas da Silva [3], Dusa
McDuff and Dietmar Salamon [6] and the master’s thesis by Miguel Pereiral [14].

e (4) Hamiltonian Mechanics: This chapter is a brief look at Hamiltonian mechanics
where we begin by defining the concepts of symplectic and Hamiltonian vector fields
and their relation; Next we take a look at the Poisson and Lie brackets and how they
link through the symplectic form; We then mention integrable systems, in particular the
notion of involution which appears explicitly on Dirac’s quantization axioms; To finalize we
take a look at variational principles in particular at how we obtain the Euler-Lagrange
equations which give us the solutions to mechanical systems; The main references here
were again the books [3] and [12].

e (5) Geometric Quantization: On the main topic of geometric quantization we begin by
reviewing the mathematical models of classical and quantum mechanics which are
mandatory to understand since we are essentially trying to turn one into the other; Next we



state the problem of quantization, in particular the axioms defined by Dirac of what we
should expect of a quantized classical system. It turns out, due to Van Hove’s theorem, that
a general solution to the problem of quantization does not exist; This leads us to look at less
restricting conditions and the concept of prequantization procedures, where we will mainly
focus on the Kostant-Souriau prequantization. However, this is not yet the full answer. Due
to the lack of square-integrable sections it is necessary to introduce the notion of polariza-
tions and the half-form correction. Finally, we look at how different polarizations might
be connected by the idea of pairing maps. The main references consulted here were the
reviews by |Alexandre Aleksandrovich Kirillov| [2], |A. Echeverria-Enriquez, M.C.
Munoz-Lecanda, N. Roman-Roy, C. Victoria-Monge| [1], the textbook by Brian C.
Hall, the paper and notes by Joao Pimentel Nunes| [10],[11] and the master’s thesis by
Gongalo Oliveiral [7].

e (6) Complex Hamiltonian flows: Under development...

This barely scratches the surface of what is involved in any of these topics but hopefully it makes
for a readable, slightly self-contained, introduction to the subject. It is also very much a work in
progress with no shortage of concepts and results to expand on every section.



2. Differential Geometry

This chapter on differential geometry is merely a collection of basic definitions and results which
were found to be necessary to understand topics in symplectic geometry and geometric quantization.
We include them here only for completeness and ease of access and they are not exhaustive by
any stretch of the imagination. Knowledge of fiber bundles and foliations is particularly important
and should not be skipped if one has not seen it before. These concepts appear immediately when
considering complex line bundles, for the Kostant-Souriau prequantization, and when choosing a
polarization on the prequantum Hilbert space.

2.1. Immersions, Submersions and Submanifolds

We are interested here on the local behaviour of differentiable maps between smooth manifolds,
particularly in the case where the maps are between manifolds of different dimensions. In the very
important case were the dimensions do match, the maps are given as local diffeomorphisms (see
further discussion of this topics in [I2] chapter 1, section 5, p.24 or in [I7] lecture 5, p.35).

Definition 2.1. I'mmersions and Submersions

Let U : M — N be a smooth map between smooth manifolds:

(a) When dim M < dim N, ¥ is called an immersion if d,V : T,M — Ty(p) N is injective, for
allpe M;

(b) When dim M > dim N, U is called a submersion if d,V : T,M — Ty(p) N 1s surjective, for
allpe M;

The following theorem allows one to construct local canonical coordinates for immersions and
submersions.

Theorem 2.2. Constant Rank Theorem
Let W : M — N be a smooth map and p € M. If for all ¢ in a neighbourhood of p the map
dgV : TyM — Ty q)N has constant rank r, then there are local coordinates (U, $) = U,z ....am)

for M, centered at p, and local coordinates (V,1) = (V,y!,...,y") for N, centered at ¥(p), such
that:

YpoVoog (g .., 2™) = (2}, ...,2",0,..,0).

Proof. The proof can be seen in [I7], p.36 theorem 5.2. O

Corollary 2.3. I'mmersions - Local canonical coordinates

Let f : M — N be an immersion. For all p € M there exists local coordinates (U,¢p) =
U,x',....x™) for M, centered at p and local coordinates (V,1) = (V,y',...,y") for N, centered at
f(p), such that:

Yo fop Hat, ..., a™) = (z,...,2™,0,...,0).

An immersion looks locally like the inclusion R™ — R™ where we necessarily have m < n.

Corollary 2.4. Submersions - Local canonical coordinates
Let f : M — N be a submersion. For all p € M there exists local coordinates (U,p) =
U,x',...,x™) for M, centered at p, and local coordinates (V,v) = (V,y',...,y") for N, centered at

f(p), such that:
Yo fop Nt ..., 2™ = (21, ..., z").

A submersion looks locally like the projection R™ — R™ where we necessarily have m > n.



Definition 2.5. Submanifolds

A submanifold of a manifold M is a pair (N, ®) where N is a manifold and ® : N — M is an
injective immersion. When ® is an homeomorphism onto its image, where on ®(N) one takes the
subspace topology, we call the pair (N, ®) an embedded submanifold and ® an embedding.

Remark 1. In general it is not possible to consider submanifolds of a manifold M simply as
subsets of M (see further discussion in [I7], p.39, particularly example 5.10).

Definition 2.6. Regular Point and Regular Value

Let f: M — N be a smooth map between smooth manifolds of dimension m and n respectively.
Given p € M, if (df), is surjective we call p a regular point of f. To a point ¢ € N such that all
points in f~1(q) are reqular points, we call a regular value of f.

Theorem 2.7. Submanifold by a Regular Value
Consider the smooth map f : M — N and let q be a reqular value of f. If L := f~1(q) is nonempty,
then L is an embedded submanifold of M and T,,L = ker (df ), C T,M, for allp € M.

Proof. Ref. [12] theorem 5.6, page 24. O

We end this section with an important theorem in differential topology by Whitney. This is not
easily provable but we show a weaker result in the case of compact manifolds, the proof can be
seen in appendix ([7.1)), where one can also recall the notion of partitions of unity.

Theorem 2.8. Whitney’s Embedding Theorem
Any smooth manifold M of dimension n can be embedded in R*™, therefore M is diffeomorphic to
a submanifold of R?".

2.2. Foliations

We are able to partition, or equivalently, define an equivalence relation on smooth manifolds
which allows us to consider a manifold as the union of disjoint submanifolds. This is precisely the
notion which we define next.

Definition 2.9. Foliation
Let M be a d dimensional manifold. A foliation of dimension k of the manifold M is a family
F ={La}aca of subsets of M (called leaves) satisfying the following properties:

o M= UOAGALOC}'

o LoNLg=0,if a# f, i.e., we have a partition of M or equivalently an equivalence relation
on M where the leaves are the equivalence classes;

e FEach leaf L, is pathwise connected, i.e., there is a continuous curve v : [0,1] — L, such
that given any two points p,q in L, we have v(0) = p and v(1) = ¢;

e VYpe M, 3 a smooth chart ¢ = (:L'l,...,xk,yl, oy U = RE=RF x R&F, such that the
connected components of Lo, "U are the sets:

{pel:y'(p) = const., ...y *(p) = const.}.



Example 2.10. Consider R? and take a foliation by straight lines with a fized slope a € R, i.e.,
® : R? - R, given by: ®(x,y) = y — ax. Considering now the Torus T? = R?/Z? we have
an induced foliation with two possibilities. If a € Q the leaves are closed curves, hence they are
embedded submanifolds. On the other hand, if a ¢ Q the leaves are dense in the torus and we only
have immersed submanifolds.

Proposition 2.11. Let F be a k-dimensional foliation of a smooth manifold M. Every leaf L € F
is an immersed submanifold of dimension k.

Proof. The proof can be seen [I7], p.58 proposition 8.3. The proposition actually holds for a
slightly better behaved notion of submanifolds called initial submanifolds, see also [I7] definition
6.17 page 45. [

2.3. Distributions and Frobenius Theorem

Somewhat similarly to the concept of foliations, where we considered submanifolds of a manifold
M, we can also consider subspaces of the tangent space at each point p € M. These concepts are
naturally related when the distribution is precisely the tangent bundle of a certain foliation.

Definition 2.12. Distribution
Let M be a smooth manifold of dimension d and let k € N with 1 < k < d. A k-dimensional
distribution D in M is a map such that Vp € M we have:

p+ D, CT,M, where D, is a linear subspace of dimension k.

If for any p € M there exists a neighbourhood U of p and smooth vector fields X1, ...X € X(U)
which spans D, i.e., such that:

Dy = (Xilg,..s Xilg), YgelU,
then we say that the distribution is smooth or that D is of class C°.
The set of vector fields tangent to D is naturally defined as
X(D):={X e€X(M): X, €Dy Vpe M}.

Example 2.13. A non-vanishing smooth vector field defines a 1-dimensional smooth distribution
by:

D, := (X,) = {A\X,: A€ R}

Given any Y € X(M), we have Y € X(D) if and only if Y = fX for some uniquely defined
f € C®(M). This example shows that distributions are a way to generalize the concept of vector
fields.

Example 2.14. In general, a set of smooth linear independent vector fields X1,..., Xy at each
p € M defines a k-dimensional distribution by:

Dy = (X1l oo Xilp)

where Y € X(D) if and only if Y = Zle fiXi for uniquely defined f; € C*°(M).



Definition 2.15. Integral Manifold
Given a distribution D in M, we call a connected submanifold (N, ®) of M an integral manifold

of D if:

dy®(T,N) = D), ¥p € N.

Definition 2.16. Integrable Smooth Distribution
A smooth m-dimensional distribution D on a smooth manifold M is said to be integrable if there
exists an m-dimensional foliation F = {Lu}aca on M such that:

Dp = Tpr’

for all p € M. In this case the leaves of F are called integral submanifolds of the distribution
D.

Definition 2.17. Involutive Distribution
A smooth distribution D in M is said to be involutive if for any X, Y € X(D) one has [X,Y] €
X(D).

Theorem 2.18. Frobenius Theorem
A smooth distribution D is integrable if and only if it is involutive. In this case the integral
foliation tangent to D is unique.

Proof. The proof can be seen in [I7], section 11, pp. 100-101. O

The concepts of foliations and distributions will be necessary when considering polarizations
which are integrable distributions. They are also particularly useful when dealing with mechanical
systems with constraints, see for example [12] section 5.4 on non-holonomic constraints, p.197.

2.4. de Rham Cohomology

Answering the question of whether closed forms are exact turns out to have deep topological
significance. Here we turn our attention on to the basic definitions and results in de Rham coho-
mology. We will also state a few involved theorems, the Poincaré lemma and de Rham’s theorem
in particular, since these will be necessary to prove a result which guarantees the existence of the
necessary structure for prequantization.

Definition 2.19. Closed and Exact forms

Let w € QF(M), w is called a:

(i) closed form if dw = 0.

(ii) exact form if 3n € QF "1 (M) such that w = dn.

The subspace of closed forms is represented as Zp(M) while the subspace of exact forms is
represented as By(M). That is, we have kerd = Zp(M) while Imnd = By(M). Clearly we have
Bi(M) C Zy(M) since d* = 0.

Definition 2.20. de Rham Complex
To the pair (M), d) we call the de Rham complex of M which is often represented as the chain
complex:

0— QM) % oty & 92y & Q3 — - -



We can think of (2(M), d) as a set of differential equations associated to M. Thus, finding closed
forms corresponds to solving the differential equation:

dw = 0.

The exact forms are then the trivial solutions to this equation which leads us to the next definition.

Definition 2.21. The de Rham cohomology space of order k
The space of all solutions modulus the trivial solutions, of the equation dw = 0 on (QUM),d), is
the vector space:

H*(M) = Z"(M)/B*(M),

called the de Rham cohomology space of order k.

We now present several results on de Rham cohomology in the form of a solved exercise, in
particular we show that:

e Hi (M) has a vector space structure;
e the pull-back by a smooth map f : N — M induces a linear map on cohomology, f# :
e the dimension of H%(M) is equal to the number of connected components of M;

Exercise (from [12], exercise 3.8.(5) p.74):

A k-form w is called closed if dw = 0. If there exists a (k — 1)-form 8 such that w = df then w
is called exact. Note that every exact form is closed. Let Z; be the set of all closed k-forms on M
and define a relation between forms on Zj as follows: a ~ § if and only if they differ by an exact
form, that is, if 8 — o = df for some (k — 1)-form 6.

(a) Show that this relation is an equivalence relation.

We need to check that the relation is reflexive, symmetric and transitive. Let o, 5,7 € Zp.
The equivalence relation is reflexive by definition in the sense that o — @ = 0 and 0 is an exact
form (with O coefficients). If @ ~ 3, we have @« — 8 = df and 8 — a = —df = d(—0) and thus
B~a Ifa~pand f ~ v wehave a — 8 = df and 8 — v = dyp. Summing these equations we
obtain o — v = d(0 + ). We conclude then that ~ is an equivalence relation on Zj.

(b) Let Hp(M) be the corresponding set of equivalence classes (called the k-
dimensional de Rham cohomology space of M). Show that addition and scalar
multiplication of forms define indeed a vector space structure on Hy(M).

We are going to verify that the set Hy(M) is closed under these operations. The remaining
properties of a vector space are clear and follow from the fact that Q¥(M) is itself a vector space.
Consider the equivalence classes [w], [a] € H*(M), X € K for some field K and the usual operations
of sum and multiplication by scalars on forms.

Closure under addition: Let ¢ and p be two elements of [w] + [a]. Let & = w1 + a1 and

1 = wy + ag, where the w;, «o; for i = 1,2, are arbitrary representatives within their respective
classes. We have:

f—u:(wl—i-al)—(wz—i-ag):(w1—w2)+(a1—a2):dH—i-dB:d(G—i-ﬂ)

which shows that [w] + [a] = [w + o] € H*(M).



Closure under scalar multiplication: Let w;,ws be arbitrary representatives of [w] €
HF (M) and X\ € K. We have w; — wy = df. Consider now A[w] = Aw; where i = 1,2. We have:

)\wl — )\WQ = )\(wl — (.UQ) = \df = d()\e)
which shows that Aw] = [\w] € HF(M).
(c) Let f: M — N be a smooth map. Show that:

(i) the pull-back f* carries closed forms to closed forms and exact forms to exact
forms;

Let w € QF(N) be a closed form. Given p € M and X; € X(M), the pull-back of w by f is, by
definition:

(f*w) (Xl, )Xk) = w

p

((df)p X1, ey (df )p X))
f(p)

By the well know result of commutation between the pullback and exterior derivative we have:

d(f*w)

(X1, Xg) = dw‘ ((df)pX1, ..., (df )pXi) = f*(dw) =0,

P f(p)

since w is a closed form (dw = 0).

From the previous result, in the case of an exact form ¢ € Q¥(N), £ = da, o € QF1(N), we
obtain:

fH(&) = f*(da) = df*(a).
Since f*(«) is a (k — 1)-form on M, f*¢ is an exact form.
(ii) if « ~ 8 on N then f*a ~ f*f on M;

Since @ ~ B on N, then a,8 € H¥(N) and a — 8 = df where § € Q¥ 1(N). Thus,
ffa— f*8 = f*(a — B), and by the previous result f*(a — ) = f*(df) = df*(0), where
50 € QF1(M).

Remark: f*a — f*8 = f*(a — B) is true since f*(a + B) = (a + B)((df) X1, ..., (df) Xk
where o, 8 € QF(N). Since QF(N) is a vector space it implies that (o + 3)((df) X1, ..., (df ) Xz) =
a((df) X, ..., (df ) Xi) + B((df) X1, ..., (df ) Xp) = fra(Xy, .., Xp) + f*B(X1, .., Xip).

(iii) f* induces a linear map on cohomology f# : H.(N) — Hj(M) naturally defined
by f#[w] = [f*w];
This is an immediate consequence of (ii). Given any representative o; of [w] € HF(N) we

know that f*a; ~ f*«;, where 4, j identify any two forms in [w], therefore [f*w] € HFE(M). Tt is
clear by the remark on (ii) that f# is a linear map.

10



(iv) if g : L — M is another smooth map, then (f o g)* = g o f7.

Since (fog) : L — N we have (f o g)* : H¥(N) — H¥(L). The desired relation is
directly obtained from the fact that ¢*(f*«) = (f o g)*a. To obtain forms on L we must pull
them back from N to M by the function f and then from M to L by g, therefore (fog)* = g o f7.

Rigorously, for any p’ € L such that g(p') € M and w € QF(N), given vector fields Y; € X(L)
such that (dg)Y; € X(M), the pull-back by f*: QF(N) — QF(M) considering the origin of points
and vector fields in L is given by:

(f*w) ( ’)((dg)p/Yl, s (dg)p Vi) = w

f( ( ,)) ((df)g(P')((dg)P’Yl)v ceey (df)g(p/)((dg)p/Yk)) .

Performing the pull-back by g, i.e., g* : QF(M) — QF(L), on p’ € L, we end up with:

g (ffw)| Y1,...Yi) = ffw

p/

((dg)p Y1, (dg)p Vi) »
g(p’)

Therefore, as a pullback from QF(N) to Q¥(L), we finally have:

g*(f*CU) (Y17"'7Yk) = W

p/

((df ) gy ((dg)p Y1), +ovs (df ) gy ((dg)pr Yi)) -

which gives us the desired result:

9" (f*w)

(Y1, o Vi) =w\ (S © )y Vi, osd(f 0 )y Vi)

P’ (fog)(p')

(d) Show that the dimension of H°(M) is equal to the number of connected
components of M.

Let M = UY_,U;, where U; are the connected components of M. We have no k-forms with
k < 0, therefore:

H(M) = {f € C®(M;K) : df = 0},

for any field K. That is, since the set of forms of degree (—1) is the empty set ), it is vacuously
true that elements in H°(M) all differ in pairs by elements of the set of (—1) forms.

Let df = 0 on U;, with local coordinates (x1, ..., %), we have:

of 0 of
af = Z@xlf)xz 8:6,_0 vi=l..k

which implies that f is constant on U;. Since the function f =1 on U; is in H°(U;), we have an
isomorphism from R to constant functions on H°(U;) given by A — A(1), ¥\ € R. Since f will in
general have distinct constant values at each U;, ¢ = 1,...,p to identify it on M we will need an
element of R? which implies that dim(H°(M)) = p, the number of connected components of M.

11



(e) Show that Hy(M) =0 for every k > dim(M).

There are no non-vanishing forms of degree (k + 1) or higher on a manifold M of dimension
k, therefore Hy(M) = 0. This comes from the fact that differential forms are alternating tensors,
ie. T(vi,..., v, .05, ..., v) = =T'(v1, ..., 05, .04, ..., V). Since any form of degree higher than the
dimension of the manifold would be given locally by some repeated basis element, the form would
have to be zero.

We will now state the aforementioned theorems, Poincaré’s lemma and a theorem by Georges de
Rham. We will make use of them eventually in relation to the Kostant-Souriau prequantization (see
theorem . We will not prove them, in the latter case the proof is fairly involved and requires
quite a number of results in algebraic topology.

Theorem 2.22. Poincaré’s lemma

Let U be a contractible domain in R™ and let k € N. Then, for w € QF(U) such that dw = 0, there
exists o € Q*"Y(U) such that w = do. This implies that given any smooth manifold, locally all
closed forms are exact.

Theorem 2.23. de Rham’s Theorem
For any smooth manifold M, the integration map I : HgR — H*(M;R) is an isomorphism.

2.5. Fiber Bundles
2.5.1. Vector bundles

A vector bundle on a manifold M is a collection of vector spaces, {Ep}pen, parameterized
by points on M (called the base space) . The union of these vector spaces is itself a manifold E
(called the total space) and is equipped with a smooth projection map 7 : E — M such that
7(Ep) = p and which admits a locally trivializing chart.

Formally this means that there exists an open cover of M, M = UscjU, such that, for any
Uy, the preimage 7~ 1(U,) on E is diffeomorphic to U, x R". The diffeomorphism is given by:

P E, 2, {p} x R" — R" such that given v € E, we have: ¢(v) = (p, P(v)).

{p} xR

Just as in the case of differentiable manifolds we would like that overlapping charts on M would
induce the same vector space structure. This leads to the formal definition of vector bundles.
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Definition 2.24. Vector bundle structure

A vector bundle structure of rank r on a differentiable manifold M is a triple {(m, E, M), where
m: E — M is a smooth map admitting a collection of trivializing charts C = {(Uqa, ¢a) : @ € A} of
dimension r which satisfies the following properties:

i) {Uy : v € A} is an open cover of M such that M = UacaUy;

ii) The charts are compatible, i.e., for any o, 8 € A, Vp € Uy N Ug, the transition functions
gaﬁ(p) = ¢h o (¢‘Z)_1 :R” = R" are linear isomorphisms;

i11) The collection C is mazximal: given any trivializing chart (U, ¢) of dimension r satisfying
conditions 1) and ii), then (U, ¢) € C;

We call § = (m, E, M) a vector bundle of rank r.

Definition 2.25. Sections
Given § = (m, E, M), a vector bundle of rank r, and an open set U C M, we call section over U
to a map s : U — E such that wo s = idy. The sections over U form a real vector space denoted

by FU(E).

If rank £&=r and we have a collection sy, ..., s, such that, ¥p € U the sections {s1(p), ..., sr(p)}
form a basis for F),, then we say we have a frame over U given by the collection s1, ..., ;.

Definition 2.26. Vector bundle morphisms

Given two vector bundle structures & = (w1, E1, M1) and & = (ma, Ea, My), we say that there is a
vector bundle morphism between them if there is a smooth map ¥ : E1 — Eo which maps the
fibers of &1 linearly with the fibers of &. The map ¥ covers a smooth map ¢ : M1 — My:

B —Y> B,

W

M) —— M>

such that given p € My, the map of the fibers is a linear transformation given by:
PP = \II(El)p : (El)p — (E2)¢(p)
Example 2.27. Examples of vector bundles

i) For a smooth manifold M the familiar bundles TM, T*M and A*(T*M) are vector
bundles on M. The sections of these bundles are the vector fields and differential forms on M.
Given a smooth function ¥ : M — N, the differential dV : TM — TN is a vector bundle morphism.

11) The trivial vector bundle of rank r over M is the vector bundle €, = (m,M x R", M)
where w: M x R" — M 1is the projection on the first factor. The sections are the smooth functions

on M, I'(e},) = C°(M;R").

11) A vector bundle of rank 1 is usually referred to as a line bundle. A particular example is
given by a non-vanishing vector field which defines a trivial line bundle.
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2.5.2. Connections on vector bundles

We want to differentiate sections of vector bundles so that we are able to compare fibers
on different points of the base manifold. However, since there is no natural way of defining this
differentiation, one needs to introduce some additional structure, in particular that of a connection
on a vector bundle.

Definition 2.28. Connection on a vector bundle
We define a connection on a vector bundle, { = (7, E, M), as a map:

V:XM)xT'(FE)—>T(E), (X,s)— Vxs
which satisfies the following properties:

(’I,) VX1+X28 = VXIS + VXQS;
(ZZ) VX(Sl + 82) = Vxs1 + Vxso;
(14)Vxs = fVxs;

() Va(fs) = fVxs+ X(f)s.

Choosing a function f € C°°(M) with support only on an open subset U C M, by properties
(iii) and (iv) we can restrict the connection to any open subset of M.

Since the map X — Vx is C°°(M)-linear, property (iii), for any section s defined on a neigh-
bourhood U of p € M, given any v € T, M we can define:

Vs = Vxs(p) € Ep,
where X is any vector field defined on a neighbourhood of p such that X, = v.

Given an open set U C M and a local trivialization of the vector bundle £ with a basis of sections
given by {s1,..., s} on {|y. Then, any section s on &|y is written as a linear combination:

5:f181+...+f7'5r, (21)
for unique smooth functions, {f;}/_, € C>(U).

We can completely determine V by specifying its action on sections. Given a vector field X €
X(M), applying property (iv) to the general section on £|, given by equation (2.1f), we obtain:

T

Vxs= Z ((X - fi)si + fiVst)

=1

0 \d
oxJ ]:1

Therefore, by considering coordinates (x',...,2%) on U we have a basis { on the corre-

sponding tangent space which allows us to write:

T
Vos =) Ths, (G=1,..di=1..,r),
k=1

dxl

where the I’fj are unique smooth functions Ffj : U — R, called the Christoffel symbols, which
are dependent on the local coordinate system and basis of local sections. These can also be defined

14



by connection 1-forms on U given as:

T

J k
Iy, dx
k=1

Example 2.29. If we have a trivial vector bundle § = (w, E, M) of rank r, i.e., with a global basis
of sections {s1, ..., Sy}, we can define a connection on & by considering:

Vysi=0, i=1,..r

This implies that the Christoffel symbols vanish. Note however that the connection is dependent on
the choice of trivializing sections.

Proposition 2.30. Fvery vector bundle & = (7, E, M) admits a connection V.

Proof. (Ref. [17] prop.26.3, p.224) Given an open covering {U,} of M such that each U, admits
a trivialization, by the previous description on each U, we can construct a connection V¢ which
is dependent on the local coordinates and local basis of sections. Since an affine combination of
connections fV1+(1— f)Vq, for f € C°(M), is also a connection on &, by the transition functions
on the intersections of charts for both local coordinates and local basis of sections we are able to
construct a global connection V in £. In particular, by considering a partition of unity {p.} (see
definition (7.3))), subordinated to the open cover {U,}, we define: V=3 poV®. O

As per our initially stated objective, let see how we can compare different fibers over a vector
bundle.

Definition 2.31. The covariant derivative of a section along a curve v : I C R — M is the
section given by:

Ds
Ft = V% S.
If the covariant derivative vanishes, % = 0, we call s a parallel section along . Here, %

represents a vector field X € X(M) such that X,y = ().

Considering a local chart (U, x!, ..., z?) and a basis of local sections {si, ...,s,} on U, given ()
let v*(t) := z'(7y(t)). Then we write a section along 7 as:

Therefore, the covariant derivative along v has components given by:

(2 = (72 = (104 [ 5 o2 Ors 0 22
k=1

Relying on the theorem of existence and uniqueness of solutions to linear ordinary differential
equations we can state the following lemma:

Lemma 2.32. Given any curve v : [0,1] — M and any vo € E, (), there exists a unique parallel
section s with initial condition s(0) = vo. In this case, we say that the vectors s(t) € E, ) are
obtained by parallel transport along ~y.
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2.5.3. Curvature on vector bundles

On example of the previous section, we saw that trivial bundles carry a natural connection
such that Vxs; = 0, after a choice of global trivializing sections s;.

For a general vector bundle however, we only have local trivializing sections, therefore we can
not choose a basis of local sections which would allow for the definition of Vs; = 0 globally. This
obstruction arises precisely because of the curvature of the connection.

Definition 2.33. Curvature of the connection on a Vector Bundle
Given a connection ¥V on the vector bundle £ = (w, E, M)), the curvature of V is defined as the
map R : X(M) x X(M) x T'(§) — T'(§) given by:

(X,Y,s) = R(X,Y)s = ([Vx,Vy] = Vixy]) s

Consider a trivializing open set U C M for &, where we have local coordinates (z', ..., 2%) and a
local basis of sections {si, ..., s, }. On the local coordinates of U, the curvature is given by:

o 9 .
7 (a0 07) = 2

where the components of the curvature tensor R can be obtained as a function of the Christof-
fel symbols by:
k k
k= aFj.Z _ g +rbrk -1l rk
8$7’ a:ﬁj (22 Jz 1

The curvature can also be specified as matrix of differential forms called the curvature 2-form,
Q =[], where we have:

i j l
QO =Y R da' Ada?
I<p

The relation between the connection 1-forms and the curvature 2-form is given by the so
called structure equations. This result is given by the following theorem:

Theorem 2.34. Given a vector bundle & = (7w, E, M) with connection V, by admitting trivializing
sections, the connection 1-forms and the curvature 2-form are related by the structure equations
given as:

A | k J
Q0 = dwj +Zwi A wy,
k

where Bianchi’s identity is verified:

. Y
A = dwf Aw] — wf AQY.
k
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3. Symplectic Geometry

When considering geometric quantization, one is interested in obtaining a quantum system out
of a classical one. The mathematical machinery of classical mechanics is precisely that of symplectic
geometry so it is natural we should understand it first. We begin by the very basics of symplectic
linear algebra turning quickly to symplectic manifolds and eventually Kahler manifolds, which will
be our main object of interest later. The main references for this chapter were [3] and [6].

3.1. Symplectic Linear Algebra

Let V be a real vector space, and 2 : V x V — R an anti-symmetric, bilinear form.

Definition 3.1. Non-degenerate Form
The form Q is non-degenerate if Q(u,v) =0V v eV & u=0.

Definition 3.2. Symplectic Form
A symplectic form  on V is an anti-symmetric non-degenerate bilinear form.

Definition 3.3. Symplectic Vector Space
A symplectic vector space is a pair (V,Q) where Q is a sympletic form on V.

Definition 3.4. Symplectomorphism between vector spaces

Two symplectic vector spaces (Vi,Q1) and (Va,s2) are said to be symplectomorphic if there is a
linear isomorphism T : Vi — Va such that T*Qo = Q1. The linear symplectomorphisms of (V, )
form a group denoted by Sp(V, ).

A symplectic form Q defines an isomorphism: Q% : V — V* given by Q#(v) = Q(v,.) where
non-degeneracy implies that Q7 is injective.

Let us a see a few examples of symplectic vector spaces.

Example 3.5. V = R?" with Q(u,v) = (u, Jv), where {-,-) is the standard Buclidean inner-product

and J is the 2n x 2n matriz given by: J =
_In On

Example 3.6. Given a vector space W such that V.= W @ W* with Q((w,§), (w',£)) = &' (w) —
§(w').

Example 3.7. Given, (V1,Q1) and (Va,Qs2), the symplectic vector space (Vi x Vo, Q1 @@ Q2) and
symplectic form given by Q1 @ Qo = 750 + 150

Example 3.8. A complex vector space V' with an Hermitian inner product h : V xV — C and
symplectic form Q =Im(h), where Im(-) denotes the imaginary part.

3.1.1. Subspaces of symplectic vector spaces

Defining the symplectic orthogonal as W = {v € V : Q(v,w) = 0}, we have the following
definitions:

Definition 3.9. Subspaces of symplectic vector spaces, (V,w), W CV
Symplectic if W N W = {0},

Isotropic if W C W .

Coisotropic if W& C W.

Lagrangian if W = W |

In general V # W @ W* but, in any case, dimV = dimW + dimW*.
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Theorem 3.10. Symplectic Basis

Let (V,Q) be a symplectic vector space of dimension 2n. There exists a basis (U1, ..., Un, V1, ..., Up)
such that Q(uj, u) = Qvj,vg) = 0 and Q(u;,vy) = 0. Such a basis is called a symplectic basis.
Moreover, there exists a vector space isomorphism ¥ : R*™ — V| such that ¥*Q = Q.

Proof. See [6], theorem 2.1.3, pp.39-40. O

3.2. Symplectic Manifolds

We now transition to the construction of a symplectic structure on a manifold. We will assume
that all manifolds are connected C'°°-smooth manifolds with no boundary unless otherwise stated.

Definition 3.11. Symplectic form on a manifold
A symplectic form w on a manifold M is a closed nondegenerate 2-form at each p € M.

If w is symplectic then T), M must be even dimensional and therefore M must be even dimensional.
This is a consequence of w being an anti-symmetric non-degenerate bilinear form on a vector space.

Definition 3.12. Symplectic Manifold
A symplectic manifold (M,w) is a smooth manifold M equipped with a symplectic form w.

Nondegeneracy implies that there is an isomorphism between the tangent and cotangent
bundles, i.e, a map TM — T*M defined by X — (X)w = w(X,:). We also have that
w" =wA ... N\w # 0 and thus the manifold M is oriented, i.e. w™ is a volume form.

Closedness under the exterior derivative implies that w represents a cohomology class, [w] €
H?(M;R).

Example 3.13. The first clear example is the euclidean space R?™ with linear coordinates
(T1y T, Y1y -y Yn), equipped with the standard symplectic form:

n
wo = Zdl’J A dyj.
j=1

Example 3.14. Another typical example is that of the sphere S?. Considering S? = {(x1, x2,23) €
R3 | 22 + 23 + a:% = 1}, the symplectic form is just the area form given by:

wz(u,v) 1= (x,u X v),

where x € S? and u,v € T,S2.

Definition 3.15. Symplectomorphism between symplectic manifolds
Let (Mi,w1) and (Ma,ws) be two 2n-dimensional symplectic manifolds. To a diffeomorphism ¢ :
M1 — My satisfying:

*
¥ w2 = Wi,

we call a symplectomorphism. Considering M = M; = My and w = w; = wa, the group of
symplectomorphisms of (M,w) is defined as:

Symp(M,w) :={¢ € Diff( M) | ¢*w = w}.
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A major result in symplectic geometry, due to Darboux, shows that, locally, all 2n-dimensional
symplectic manifolds look the same, i.e., they are locally symplectomorphic to (R?", wy).

Theorem 3.16. Darboux Theorem

Given any point p € M, where (M,w) is a 2n-dimensional symplectic manifold, there is a neigh-
bourhood coordinate chart of p, (U, x1,...,Tn,Y1,...,Yn) such that on U the symplectic form w is
locally given by:

n
w = Z dx; N\ dy;.
i=1

This shows in particular that the only local invariant of a symplectic manifold is its dimension,
we will prove this result later in section Let us look now at a particular class of examples of
symplectic manifolds, cotangent bundles.

3.2.1. Cotangent bundles as symplectic manifolds

Let N be any n-dimensional manifold and consider its cotangent bundle M = T*N. Given
a local chart on N, (U,x1,...,x,,) and p € U, any element £ € TyN, can be written as § =
>y &(dxz;)p. Therefore, we have a coordinate chart on T*N given by (T*U, x1, ..., Tn, &1, ..., &n)-
Next, we will construct a canonical symplectic form on M as the exterior derivative of a coordinate-
free 1-form « called the tautological 1-form.

Definition 3.17. Tautological 1-form on M

Let N be any n-dimensional manifold and consider m : T*N — N, the natural projection. Given
p € T*N, p = (x,§), where £ € TN, we have w(p) = z. Thus, we can define the tautological
1-form a pointwise by:

ap = (dmp)*¢, ap € T,y M.
Let us explain this definition a bit more clearly. The idea is to consider the cotangent bundle
M as a manifold on its own right. From the projection map we can consider the map between its
tangent bundle on p, T, M, and the tangent bundle on N at point z, dm, : T,M — T, N, thus,

to obtain a 1-form on p € M we just need to evaluate the push-forward of a vector on T,M on a
1-form in Ty N. Notation wise this is equivalent to writing:

ap(v) = §<(d7rp)v>, for v € T, M.

Now, given a chart on N, (U,z1,...,z,) with associated coordinates on the cotangent bundle
(@1, .o, T, &1, -y &n) the 1-form o on M can be locally written on T%U as o = Y - ; &;dx;. Therefore,
we can consider M with a symplectic structure by defining the symplectic form to be

w = —da,

which is locally given by w = Y"1 | dz; A d§;.

This results are particularly useful since cotangent bundles represent the phase space of classical
systems, where IV is the configuration space.
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3.3. Moser and Darboux Theorems

Darboux’s theorem is a crucial result which will be used often. This section contains a short
proof of it which relies on the stronger result by Moser, we encourage the reader to read Part 3 -
Local forms found in [3] (pp. 35-45).

Theorem 3.18. Moser Theorem (Relative Version)

Let M be a manifold, X a compact submanifold of M, i : X — M the inclusion map and wy, wy
» Vp € X, then there exist neighbourhoods Uy and U
of X in M such that p*wi = wo and the following diagram commutes:

U()Lul

1.7

The proof uses the tubular neighbourhood theorem, the homotopy formula and Moser’s trick, it
can be seen in [3] (Section 7.3, p.45, and previous sections).

Theorem 3.19. Darboux Theorem
Let (M,w) be a symplectic manifold of dimension 2n, and let p be any point in M. Then, we can
find a coordinate system (U, x1,...,Tn, Y1, ..., Yn) centered at p such that on U:

n
w = Z dx; N\ dy;
i=1

Remark 2. As a consequence of the previous theorem, proving a local assertion for (RQn,UJO =
py dmi/\dyi), which is invariant under symplectomorphisms, implies it will hold for all symplectic
manifolds. In particular, dimension is the the only local invariant of symplectic manifolds.

Proof. (We follow the guidelines in [3], section 8.1, p.46). Consider X = {p}, then X is clearly
a compact submanifold of M. By theorem we can consider a symplectic basis for T, M
which allows us to construct local coordinates (x), ...z}, v}, ..., y),) centered at p and valid on some
neighbourhood U’, such that:

n
wp = Z dz; A dy;
i=1

P

By doing this, we can consider two symplectic forms wy and w; on U’. We have the given form
wo =w and wy = Y1 dx) A dy,.

Now, by the relative version of Moser theorem, we have neighbourhoods Uy and U; of p in
M, and a diffeomorphism ¢ : Uy — U such that ¢(p) = p and ¢*(>_1 , dz; A dy)) = w. By the
properties of the pull-back and the exterior derivative we now have:

0" (> daj A dy;) = Z@ (daf) A " (dyf) = Zdw D) A de (y) decw)Ad(yzw)
= =1 1=1

Redefining coordinates z; = 2, o ¢ and y; = y. o ¢ we have then a symplectomorphism ¢ that
allows us to write the symplectic form w locally as Y ;" | dz; A dy;.
O
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3.4. Compatible Almost Complex Structures

Any symplectic manifold (M, w), after an initial choice of a Riemannian metric g on M, admits
a canonical almost complex structure which is compatible. When the almost complex structure
is integrable we have what is called a Kahler manifold, as we have mentioned before this is an
object of extreme interest since it is the kind of structure we obtain when considering Kéhler
polarizations. All these terms will be defined later. We begin by introducing some basic properties
of almost complex structures beginning with the construction on an arbitrary vector space. This
will allow us to justify the construction of an almost complex structure on any smooth manifold
M.

Definition 3.20. Complex Structures and Complex Vector Spaces
A complex structure on a vector space V is a linear map J : V. — V such that J?> = —Id. The
pair (V, J) is called a complex vector space.

Definition 3.21. Compatible Complex Structure

Given a symplectic vector space (V, ), we say that a complex structure J on V is compatible with
Qif Gy(u,v) := Qu, Jv), YVu,v € V, is a positive inner-product on V. This is equivalent to J being
a symplectomorphism, i.e. J*Q(u,v) = Q(Ju, Jv) = Q(u,v), which satisfies a taming condition,
Qu, Ju) > 0, Yu # 0.

Proposition 3.22. Given a symplectic vector space (V,Q) there exists a compatible complex struc-
ture J on V. This construction is canonical after an initial choice of G. Note that, in general,

Q(u, Jv) # G(u,v), instead we have Q(u, Jv) = G(VAA*u,v).

Proof. (Ref. [3], section 12.2, pp. 68-69). Let G be an inner product on V. Since both © and G
are non-degenerate we have the following isomorphisms:

ueVie Qu,-) eV

isomorphisms between V and V* :
weVi—Gw,:)eV*

Therefore, there exists a linear map A : V' — V such that Q(u,v) = G(Au,v). From symmetry
and antisymmetry of the metric and symplectic form respectively, and existence of the adjoint
operator, we have:

G(A*u,v) = G(u, Av) = G(Av,u) = Q(v,u) = —Q(u,v) = G(—Au,v),

which shows that the map A is anti-symmetric. Since AA* is symmetric, (AA*)* = AA* and
AA* is positive, G(AA*u,u) = G(A*u, A*u) > 0, if u # 0. These properties imply that vV AA* is

symmetric and positive-definite (since AA* diagonalizes with positive eigenvalues). By defining;:

J = (VAA*) 1A,

we can consider the polar decomposition of A as A = VAA*J, where J is unitary (J* = J),
anti-Hermitian (J* = —J) and commutes with v/ AA*, therefore J? = —J*J = —Id. We just need
to check that J is indeed compatible, i.e., a symplectomorphism and tame:
Q(Ju, Jv) = G(AJu, Jv) = G(J Au, Jv) = G(Au,v)
= Q(u, v);
Qu, Ju) = G(Au, Ju) = G(—J Au, u)
= Q(VAA*u,u) > 0, for u # 0,
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thus J is a canonical (after a choice of ¢g) and compatible complex structure on V. O

Remark 3. Given a family of symplectic vector spaces (V;, ;) and a family Gy of positive inner-
products, all smooth with respect to ¢, then, adapting the proof of the previous proposition we
can find a smooth family J; of compatible complex structures on V;. This is crucial in proving the
existence of a compatible canonical almost complex structure on a symplectic manifold (M,w),
where the construction is considered canonical after the choice of a metric.

Example 3.23. The euclidean space R?" with the standard linear coordinates (1, ...Tn, Y1, s Yn),
the standard symplectic structure wo = Y dx; A dy; and the standard inner-product go = (-,-) is a
clear example of a compatible complex structure on a vector space. Identifying R?™ with C" with
coordinates zj = x; + 1y;, multiplication by i induces a complex structure Jy on the tangent spaces

of R?" (see [3], pp. 67-68).

We now define the notion of an almost complex structure on a symplectic manifold (M, w) which
we can show always exists, by an adaption of the previous proof, remark [3| and the fact that we
always have Riemanninan metrics.

Definition 3.24. Compatible Almost Complex Structure

An almost complex structure J on a symplectic manifold (M,w) is called w-compatible if the map
9z (u,v) := wy(u, Jpv) is a Riemannian metric on M. The triple (w,g,J) is called a compatible
triple when g(-,) = w(-,J+).

Proposition 3.25. Given a symplectic manifold (M,w) and a Riemannian metric g on M there
exists a canonical way (after a choice of metric g) to define an almost complex structure J on M
which is compatible. As before, in general g (-,-) :=w(-,J-) # g(-,-).

As said above, the proof follows from the construction on a general vector space V and the
extension to a smooth family of vector spaces which are regarded as the tangent spaces on M.

Corollary 3.26. Since we always have Riemannian metrics on smooth manifolds, the previous
proposition asserts that any symplectic manifold has a compatible almost complex structure.

3.4.1. Dolbeault Theory - Splitting under the action of J

In this section we look at the complexified tangent (7'M ® C) and cotangent bundles (7% M @ C)
of an almost complex manifold (M, J), in particular at how they split under the action of J. These
are natural spaces on complex manifolds which we will consider later, particularly when dealing
with complex polarizations.

First, we can extend the action of J linearly on each fiber (M ® C),, p € M, which is a
2n-dimensional vector space over C, it is given by:

Jov®c)=Jvee, veTM, ceC.
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Since J? = —Id, on (TM ® C), J, has eigenvalues =+i. Thus, we have the following splitting
TM ® C = TI,O D To,li

Tip={weTM®C|Jw=+iw} = (+i)-eigenspace of J
={vel-Jveilve TM}
= (J-)holomorphic tangent vectors

Tog ={weTM ®C|Jw = —iw} = (-i)-eigenspace of J
={vel+Jvei|lve TM}
= (J-)anti-holomorphic tangent vectors

The splitting of the complexified tangent bundle (T'M ® C') gives us a natural isomorphism under
the projection maps: (1,0, m,1) : TM ® C = Ti0®To,1.

1,0 : TM — Tl,[) 0,1 : TM — TO,l

1 1
vr—>§(v®1—JU®i) UP—>§(U®1+JU®i)

Similarly, the complexified cotangent bundle (T*M ® C), splits as T*M @ C = T0 g 701
T = (Ty o) = {n € T*"M @ C|n(Jw) = in(w),Vw € TM @ C}
={{®1—(noJ)®i| €T "M}
= complex-linear cotangent vectors
T = (Tp1)* = {n € T*M @ C|n(Jw) = —in(w),Yw € TM @ C}
={@1+neoJ)®il§ € T"M}
= complex-antilinear cotangent vectors

The projection maps are given by: (710, 7%1) : T*M ® C = T10 @ 701,

a0 T M@ C — T Al T*M @ C — 7%t
1 . 1 )
nH§m—mOﬂ UH§W+m0ﬂ

3.4.2. Forms of type (I, m)

Given an almost complex manifold (M, .J) consider the complex valued k-forms on M, Q¥ (M; C),
which are the sections of A¥(T*M ® C). From the previous splitting we define:

AT*M @ C) = AT & TO) = @1 pmai(A'T0) A (ATO) i= @py i AV

Thus, the forms of type (I, m) are defined as:

Definition 3.27. (1,m) differential forms
Differential forms of type (I,m) on (M,J) are the sections Q™ of Ab™ therefore, QF(M;C) =
Bipm=r ™.

Composing the exterior derivative d with the projection map abm  AF(T*M @ C) — AY™ allows
us to define the differential operators 0 and 0 acting on forms of type (I, m):

9 :=rltbmog . Ql’m(M) — Ql+1’m(M)
0 =7t o d: Qbm(M) — Qb (M)
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Considering the action of this operators on O-forms on M, i.e, the action on smooth functions
f: M — C, since we have df = d(Re f) +id(Im f), we can define:

Definition 3.28. (J-)holomorphic functions
A function f is (J-)holomorphic at p € M if df, is complex linear, i.e., df, o J = idf,. If f is
holomorphic at all p € M we say it is (J-)holomorphic.

Definition 3.29. (J-)anti-holomorphic functions
A function f is (J-)anti-holomorphic atp € M if dfy, is complex anti-linear, i.e., dfyoJ = —idf,.

Definition 3.30. On functions, the exterior derivative acts as d = 0 + 0, where:
9= (7"%0d) and 0 := (7% o d), then:
f is holomorphic < 0f = 0,
f is anti-holomorphic < 0f = 0.
We are now interested in understanding how the exterior derivative acts in the case of higher

differential forms. Let us assume that d = 9 + 0, i.e. given B € QY™ we have df = 08 + 0 where
0B € QL™ and 9B € Qb

Since for any form we have d?8 = 0 = 0?8 + 003 + 003 + 525 , with these terms being elements
of QIF2m Qltlm+l and QLm+2 respectively. This implies that:

=0
00B + 008 =0
92 =0

Thus we have the differential complex chains:

0 Q0% gt 222
0— Q0m 2 glm & g2m 9,
which define the Dolbeault cohomology groups given by:

Lm ker 0 : Qbm — Qbmtl
HDolbeault(M) ==
im 9 : Qbm=1 — Qlm

In words, the quotient of d-closed forms of type Q™ by J-exact forms of type Q™. The
definitions are analogous for the complex chain given by 0. The following diagram, taken from [3],
illustrates nicely the action of this operators.

Q0.0

N

QI.U QU.I

WA

Q‘Z.O Sll.l QO.Z
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3.5. Complex Manifolds

We supposed initially that d = @ 4+ 0, we will see in this section that this is precisely the case
when the manifold admits a complex structure. The idea of a complex manifold is similar with the
construction of a smooth manifold we already have, the additions in this case are the structure of
a complex atlas with homeomorphisms to C™ which on overlapping charts give rise to transition
maps which are biholomorphic. Let us define this rigorously:

Definition 3.31. Complex Manifold
A complex manifold M of complex dimension n is a smooth manifold together with a complex
atlas A = {(Un, Vo, Pa), € 1}, where M = Uy Uy, the Vo ’s are open subsets taking values in C"

and the maps ©o : Uy — Vo give rise to transition maps .3 which are holomorphic bijections
(biholomorphic).

U, NUg

VS o

The following proposition shows that any complex manifold has a canonical almost complex
structure which, in particular, implies that complex manifolds will have the same splitting structure
we saw on the previous section.

Proposition 3.32. Any complex manifold M admits a canonical almost complex structure J.

Proof. (Ref. [3], proposition 15.2, pp. 83-84). The proof is done in two parts. First we construct
J locally on a complex chart, and then show that it is in fact well defined globally on M by
evaluating this construction on intersections of different charts.

Part 1) Let (U, z1,...,2,) be a complex chart on M where, for each j, z; = z; + iy;. Given
p € U, the tangent space at p is:
1] = 1,...,n}.
P

Thus we can construct J : T, M — T,M on U by considering:
0 0 0 0
Ip | 5=— = and J, | =— = ——
P <al'] p) ayj p P (8% p) a:Ej

where j = 1,...,n. Then, J, satisfies Jg =Id.

Part 2) Let (Un, Vo, o) and (Up, Vg, ¢3) be two complex charts on M such that U, NUz # 0.
We must check that the almost complex structure J, constructed on U, agrees with a similar
construction Jg on Ug.

0

T,M = R-span of{ ? , —
p Iy;

)
p

We have, ¥,g00, = @3, defined on U, NUg — V,N V3. Considering local coordinates z; = x;+1y;
and w; = u; + iv; on U, and Ug respectively, we can write: 1ag(21, ..., 2n) = (w1, ....,w,). By the
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usual rules of differentiating compositions we obtain:
9 _ u; 0 4 Ovj 9.
Zj Oxk, Ouy Oxy, Ov;

9 ou; 9 dv; 9
- Zj Oyr Ou;j + Oy Ov;

Since we require 1,3 to be biholomorphic each component of 1,43 satisfies the Cauchy-Riemann
v, . . . . .
L where j,k = 1, ...,n. Considering these equations, under

. . Oou; _ Ov; ou;
equations, i.e., z2- =z and T = o

the action of Jg we obtain:

Jﬂz<auja+avja>zz

8713]C 8uj ail'k avj 7

Ou; 9, v 9
Oy Ou; — Oyy, Ov;

Which corresponds to the equation Jaa%k = %. Performing the analogous calculation for the

other term we obtain Ja% = —%. We conclude that the construction of the almost complex
structure agrees on the intersection of charts therefore it is well defined globally, in particular,
Jo = Jg = J.

O

3.5.1. Forms on complex manifolds
We are now interested in understanding how the Dolbeault splitting Qk(M :C) = ®ppmrOQb™,
which we saw previously for an almost complex manifold, works when M is a complex manifold

under the action of the canonical almost complex structure J.

Consider a coordinate neighborhood U C M with local complex complex coordinates (z1, ..., 2, ),
where again z; = x; +1iy; for z;,y; € R. For any p € U we consider the complexified tangent space:

0 0
.M ®C :(C—span{ ,— }:
( p ) axj » 8y] »
1 1
= C-span { L i—a } @ C-span { 0 + i—a }
2 al'j p 8yj p 2 al‘j p 8yj p
To,1=(—1)-eigenspace of J

T1,0=(+1)-eigenspace of J

The actions of J on this spaces are respectively:

To ease the notation we can define:

0 o

Definition 3.33. (W) and <6z»)
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Using these definition we can write:

, 0
ij =1, ,n} and (Tp1)p = C—span{azj

S 1,...,n}
P

We can perform the same on the complexified cotangent bundle (TI’)k M ® C). Considering dz; =

dxj‘p + idyj‘p and dz; = da:j‘p — z’dyj}p we obtain:

0
(T]_70)p = (C—Span{azj

p

(T+Y), = (C—span{dzj|p :j=1,..,n} and (T™), = (C—span{déj‘p cj=1,...,n}

Defining a convenient new notation, a general (I, m)-form is given by:

Definition 3.34. General (I,m) using the multi-index notation

Qbm = { > bykdzy Adzk bk € COO(u;C)}, where:
|J|=L,|K|=m
J =1, Jm), with 1 < g1 < ... < jm <, |J| =m and dzy = dzj, Ndzj, N ... Ndz;,,.

As alluded earlier, the structure we considered, assuming the exterior derivative of the form
d = 0 + 0, is particularly useful since this is precisely the case when the manifold is a complex
manifold.

Proposition 3.35. If M is a complex manifold then d = 0-+0 on forms of any degree. Equivalently,
given a coordinate neighbourhood U and a form B € QF(M;C) written as:

B= Z ajdry ANdyyg, withajgx € CU;C),
||+ K |=k

the following equality holds:
dp = Z(an’K + gaJ’K)dQZ'J AN dyK = (a +5) Z(LLKdJ;J A\ dyK

Proof. (Ref [3], section 15.3, pp.86-87). From the previous definitions we have the following iden-
tity:

dr; = %(de + dz;)
dy; = 5;(dzj — dz;)

2

Replacing on the above expression for g results:

1
8= Z Z bJJ(dZJ/\de , where, bJJ(E@(]/J,K

I+m=k \|J|=l,|K|=m

clm
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Applying the exterior derivative and considering how it acts on functions we obtain:

ag= > > dbsgdzs AdEg | =

tm=k \|J|=L[K|=m

= Z Z (0by K +5bJ7K)dZJ/\d§K:
I+m=k |J|=L,|K|=m

= Z ( Z 6bJ7KAdzJ/\d§K+ Z 5bJ7K/\dZJ/\d§K):
Itmek |J|=L|K|=m \J|=1 K |=m

Vv Ve
cQi+1i,m el m+1

=08+ 0B, by recovering the previous coordinates.

O]

Definition 3.36. Integrable almost complex structure J
An almost complex structure J on a smooth manifold M is integrable if J is induced by a structure
of complex manifold on M.

The following theorem gives us a criteria to identify when an almost complex manifold (M, J)
has the structure of a complex manifold.

Theorem 3.37. Newlander-Nirenberg
Let (M,J) be an almost complex manifold and N the Nijenhuis tensor defined by
N(v,w) := [Jv, Jw] — J[v, Jw] — J[Jv,w] — [v,w]. We have the following equivalences:

M is a complex manifold <= J 1is integrable

= N=0
—d=0+0
— 7 =0

g WQ’Od’QO,l =0

Proof. See [3], theorem 15.4, for several references proving this result. O

Remark 4. In general, almost complex manifolds will have d # 0 + 0 since we will not have
local coordinates z; to form a suitable basis of 1-forms. Despite the isomorphism of R?" ~ C" the
coordinates will not, in general, satisfy the Cauchy-Riemann equations.
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3.6. Kahler Manifolds

We arrive now at the intersection of several interesting structures, Kéhler manifolds. These are
smooth manifolds with three compatible structures, symplectic, complex and Riemannian. As we
said before these will be useful when considering Kéahler polarizations, which is often the case. Let
us begin by defining the notion of compatibility and how these structures are related.

Definition 3.38. Compatible Triple

We call (w,J,g) a compatible triple of structures if we can write any one of w, J or g in terms of
the remaining two. The relations between them, and interesting follow up questions on each case
are summarized in the following table (ref. [3], section 13.2, p.75):

Data Condition/Technique Consequence Question
(w,J) w(Ju,Jv) =w(u,v), w(u,Ju) >0, for u0 g(u,v) = w(u, Jv) g flat?

(g, J) g(Ju,Jv) = g(u,v), i.e., Jis orthogonal w(u,v) == g(Ju,v) w closed?
(w, g) polar decomposition almost complex str. J J integrable?

Definition 3.39. Kdahler Manifold
A Kdhler manifold is a symplectic manifold (M,w) equipped with an integrable almost complex
structure, i.e., (M,w, J,g). In this case the symplectic form w is called a Kdhler form.

Since Kéahler manifolds are complex manifolds, we have the same structure and splitting of the
differential forms as seen previously. To recall:

QF(M;C) = Dpypmer Q™ 9§ =gltlmoq . Qbm 5 Ql+lm
d=0+20 9 = gbmtlo . Qbm — Qbmtl

Thus, on a Kéhler manifold M with dimcM = n, given a complex chart (U, 21, ..., z,), the
differential forms on U are given by the following expression:

Qb™ = (1, m)-forms = { E by dzy Ndzi | by € C™°(U; C)}’
J|=L|K|=m

where we used the multi-index notation defined previously.

Let us check how the above decomposition reflects the properties of the Kahler form, i.e, a 2-
form compatible with the complex structure which is closed, real-valued and nondegenerate.

e 2-form: Q%(M;C) = Q>0 ¢ Qb @ Q%2 given a local complex chart (U, 21, ..., z,) we have:
w=> ajpdz; Adzp + Y bipdz; AdZ + Y cjrdZ; A dz
for aji, bji, cjr € C°(M;C)
e Compatible: Since we have compatibility, J is a symplectomorphism i.e. J*w = w. This

implies that given w = ) ajdzj A dzp + > bjpdz; N dZy + Y cjrdZj A dZ, we obtain
ajr = 0= cji Vj, k, and thus w € QV1(M).

e Closed: We have 0 = dw = 0w + Ow
~~ ~~
(2,1)—form  (1,2)—form

Ow =0 w is d-closed
Ow =0 w is O-closed
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Thus w defines a Dolbeault (1,1) cohomology class, [w] € Hll)’(l)lbeault(M).

Replacing bj, = %hjk we have:

i ) -
w=; ;1 hj dzj Adz,  hj, € C®(U;C)
‘]’ =

e Real-valued: w real-valued <= w = @ <= hj;, = hjy, < Vp € U, (hjx(p)) is an
Hermitian matrix.

Nond WP =wA LA 0
e Nondegeneracy: w w w #

n
By the Leibniz formula for the determinant of an n x n matrix, det(A,x,) =
> s, (sen(o) [T, a,-p.(i)), we can check that:

W' = nl (;) det(h) dz1 A dZy A ... Adzi A dZ,

Thus we obtain w nondegenerate <= detc(hjx) # 0, which means that at every p € M,
(hjk(p)) is a nonsingular matrix.

From the positivity condition w(v,Jv) > 0, Yvo # 0, let v € (T'M x C)|, v, =
P
no, (2 o ‘ _
ijl Q; (tazj + 5z >, a; € C, we have:
p P

- L 0 0 < 0 0

w(v, Jv) = B Z hjk(p) dzj N dzy <Zal <E)zl + 825) N Z am, <8Zm — azm>>
k=1 =1 m=1

1

~al(hjr(p))a >0, Va € C"

1 n
=3 Z hji(p)oyjon = 5

jk=1

This implies that (hj;) is a positive-definite matrix at each p € U.

In conclusion, we have that:

Kihler forms are 0- and 0- closed (1, 1)-forms, which, given a local complex chart (i, z1, ..., 2,,),
take the form:

. n
i _
w = 3 Z hji dzj N\ dzy,
J,k=1
where at every point p € U, (hji)p is a positive-definite Hermitian matrix.
We are now interested in the following question: Given a complex manifold M can we turn it into

a Kéhler manifold? The answer is yes, in some cases. By the next proposition, we can construct a
Kahler form if we can find a function p € C*°(M;R) that satisfies the following definition:
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Definition 3.40. Strictly plurisubharmonic function
Given a complex manifold M, a function p € C*°(M;R) is strictly plurisubharmonic (s.p.s.h),

if on each local complex chart (U, z1, ..., z), the matrix <832a'02k (p)> is positive-definite at allp € U.

Proposition 3.41. Let M be a complex manifold and p € C®°(M;R) a (s.p.s.h). function. Then,
the form w given by:

-

is a Kdahler form on M. The function p satisfying this proposition is called a global Kdhler
potential.

Proof. (Ref. [3], section 16.3, p. 93). We need to verify that this expression satisfies the properties
of a Kéahler form.

e w is a 2-form: Clearly a 2-form by the action of 90, in particular it is a form of type (1,1)
under Dolbeault splitting since p is a 0-form. That is, dp — Q%! and 9(9p) — QL1

e w is closed:
{&u = %825;) =0
Ow = %585/) = —788 p=0

where we used the fact that 9> = 0, 3” = 0 and 99 = —99. Thus we have dw = Ow+0w = 0.
e w is real-valued:

Since, W = —%5(9,0 = %E)gp = w.
e w is compatible with J:

we MW = J'w=w = w(,J) is symmetric. We need to verify that w(-,J-) is

positive in order to define a Riemannian metric. First we show that for f € C*°(U;C) we
have:

of = ngdz] and 0f = Z dz]

Let f € C*(U;C), we have:

9 d
af =) <8xfjd:cj + agjdyj> =
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Therefore we have:

of =ntldf =Y. %dzj
f =701df =3, 2 gz,

j oz,

Using this result on the definition of w we obtain:

S o ( 9p i d%p _

By assumption p is a s.p.s.h function therefore ( 832%) is positive which implies that

w(-, J+) is positive.
e w is nondegenerate:

w(+,J+) is positive so, in particular, w is nondegenerate.
O

We have a local converse of the previous proposition given by the following theorem (we will not
prove this result, see [3], theorem 16.5, p. 94, for more information regarding the proof).

Theorem 3.42. Let M be a complex manifold and w a closed, real-valued (1,1)-form on M. Given
p € M there ezists a neighbourhood U of p and a function p € C°°(M;C) such that on U:

w = %ﬁgp is a Kahler form on M.

The function p is then called a local Kdhler potential.

Another way to obtain Kahler manifolds is by considering complex submanifolds of Kéhler
manifolds, this result comes as a corollary of the following proposition:

Proposition 3.43. Let M be a complex manifold and p € C>*(M;R) a s.p.s.h. function. Given
X a complex submanifold of M, considering the inclusion map i : X — M then i*p is a s.p.s.h.
function on X and thus we call (X,i*w) a Kdhler submanifold.

Proof. See [3], proposition 16.6, p.94. O

3.6.1. Compact Kahler Manifolds

Here we turn our attention to the compact case, this consideration is particularly important since
compact Kdhler manifolds end up describing particles internal degrees of freedom, such as spin (see
[5] chapter 23). In this case, thanks to the following theorem by Hodge, we have a decomposition
of the vector space of cohomology groups H% Rham (M C), as a direct sum of cohomology groups

under Dolbeault splitting, Hl[’)zllb caurt(M).

Theorem 3.44. Hodge (complex version)
Given a compact Kdihler manifold (M,w), we have the following isomorphism:

L
H(IiCeRham(M; (C) = @ HDrr:lbeault(M)’
l+m=k
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which is called Hodge decomposition, where HY™ ~ Hml,

We will not prove this theorem, but let us motivate this construction somewhat, beginning with
ordinary Hodge theory (where we consider only the Riemannian structure on M).

Definition 3.45. Hodge-+ operator
Given a smooth manifold M, on the tangent space T,M at p € M we have a positive inner product
(-,) induced by a Riemannian metric g on M. Given an orthonormal basis, which is positively
oriented, (e1,...,en) on T,M we define the Hodge-x operator as a linear operator x : A(T,M) —
A(T,M) satisfying:
*(1) =e1 N..\p,
*(61 VAN /\n) =1
k(€1 A Ag) = €1 A Ay

Thus, % : AF(T,M) — A" *(T,M) and it satisfies xx = (—1)k=F),
Definition 3.46. The Codifferential and Laplacian are operators defined respectively as:

6= (—1)"* D+ gy o QF (M) — QFY(M)
A=ds+dd : QF(M)— QF(M)

Supposing M is compact, we can define an inner-product on the space of forms by the following
integral:

() QF (M) x QF (M) — R, <a,6>:/ a A xp.
M

Proposition 3.47. With respect to the above inner product we have {do, ) = (o, dB) and thus

§=d*.

Proof. See [4] section 14.2, p.101. O
Proposition 3.48. The Laplacian operator is self-adjoint, (Aa,B) = (a,AB), and we have
(Aa, @) = ||dal|?* + ||6a||? > 0, where || - || represents the norm with respect to this inner-product,
e [l = V)

Proof. See [4] section 14.2, p.101. O

Definition 3.49. The Harmonic k-forms are the elements of:
HE = {a € QF|Aa = 0}
Proposition 3.50. We have Aa =0 < da = d*a = 0.

Proof. See [14] section 1.3.5, p.8. O

And thus a harmonic form defines a de Rham cohomology class since it is d-closed. The following
theorem asserts that we have an isomorphism between harmonic k-forms and de Rham cohomology.

Theorem 3.51. Hodge
Every de Rham cohomology class on on a compact oriented Riemannian manifold (M,g) has a
unique harmonic representative, i.e.,

Hk = ngRham(M; R)
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Thus the spaces of harmonic k-forms H* are finite-dimensional and we have the following orthog-
onal decomposition with respect to (-,-), called the Hodge decomposition on forms:

OF ~ HF @ A(QF(M)) ~ HF @ dOF1 & d*QF L

With the additional complex structure, and therefore when M is a Kéhler manifold, we obtain
the complex version of Hodge’s theorem presented at the start. We have the following preliminary
results.

Proposition 3.52. When M is a Kdhler manifold, we have A = 2(09* 4+ 0*9) and A preserves
the Dolbeault splitting, i.e., A : Q4™ — QL™ Hence:

n=p nm

l+m=k

Proof. See [4] section 14.3, p. 103. O

Theorem 3.53. Hodge (Complex structure)
Every Dolbeault cohomology class on on a compact Kdihler manifold (M,w) has a unique harmonic
representative, i.e.,

k l,
HY HDleeault(M)'

Thus the spaces of harmonic (I, m)-forms H"™ are finite-dimensional and we have the following
isomorphism:

k k l l
HdeRham(M) ~ H" o~ @ HO @ HDZ;beault(M)
l+m=k l+m=k

This results have topological consequences which relate, and imposes conditions on, Betti
numbers (b*(M) := dim HY p, (M)) and Hodge numbers (h"™(M) := dim H})lebeault(M))'
A brief discussion on this topics can be seen in [3] section 17.2, p.100. There one can also find
references for the proofs of the above theorems.

For a compact Kahler manifold we have a global version of theorem [3.42] which requires the use
of Hodge decomposition.

Theorem 3.54. Let M be a compact Kdihler manifold. Given w an ezact, real, type (1,1) form.
Then, there exists ¢ € C*°(M) such that w = i0I¢.

Proof. See [14] section 1.3.5, p.9. O

To finish this section on symplectic geometry, and mostly as curiosity, we exhibit the following
diagram which shows how these structures are related as subsets of each other. In particular, every
intersected region on the diagram is non-empty. This is taken from [3] (section 17.3, pp. 101-103)
where examples can be seen within each subset.

smooth even-dimensional orientable

symplectic almost complex

complex
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4. Hamiltonian Mechanics

When considering classical systems, Hamiltonian mechanics is the framework responsible for the
dynamics and results regarding symmetry and conservation laws. To make full use of the Hamil-
tonian formalism we require only the setup of a symplectic manifold. Let us begin by introducing
Hamiltonian and symplectic vector fields and discussing some of their properties.

4.1. Symplectic and Hamiltonian Vector Fields

Definition 4.1. Hamzltonian Vector Field

Given a symplectic manifold (M,w) and a smooth function H : M — R, by the nondegeneracy of
the symplectic form there is a unique vector field Xg on M such that vx,w = dH. The vector field
Xy is called the Hamailtonian vector field with associated Hamiltonian function H. The set
of all smooth Hamiltonian vector fields on M is denoted by XM™(M).

By integrating the Hamiltonian vector field X we obtain a family of diffeomorphisms p; : M —
M where t is defined for all time, ¢ € R (if we consider M to be compact or at least X to be a
complete vector field) and where p(0) = idyy.

Lemma 4.2. The family of diffeomorphisms p:, obtained from Xy, preserve the symplectic form
w, i.e., pjw =w, YVt € R.

Proof. (Ref. [3], section 18.1, p. 105). Using the fact that %p, = p}Ly,w and p(0) = idys, where
pt is the family of diffeomorphisms generated by the time-dependent vector field Xg. By Cartan’s
formula we obtain:

d
%pjw = pZ,CXHw = p:(dLXHw + [’XHdw) = 07

since tx,w = dH and w is closed. O

Then, given any smooth function H : M — R on (M,w), the family of diffecomorphisms p,
obtained by integrating Xy, are in fact symplectomorphisms.

Example 4.3. Consider the sphere (M,w) = (S%,d0 A dh) and the height function given by
H(0,h) = h. We have tx,(d0 N\ dh) = dh therefore Xg = % and integration gives us p¢(0,h) =
(0 +t,h). The solution is a rotation about the h-axis and therefore H is preserved by this motion.

In the previous example we saw that the function H is preserved by the diffeomorphisms py,
however, this is a more general result. In fact, given a Hamiltonian vector field X7, we have:

Lx,H=u1x,dH =1x,tx,w=0,

by the antisymmetry of the symplectic form w. We have then H(x) = H(p:(z)) Vt € R, i.e., the
integral curve p(t)(z) is contained in a level set of H.

Definition 4.4. Symplectic Vector Field
Given a symplectic manifold (M,w), a vector field X on M which preserves the symplectic form

w, i.e., such that Lxw = 0, is called a symplectic vector field. The set of all smooth symplectic
vector fields on M is denoted by X*V"P(M).

By Cartan’s formula, if X is a sympletic vector field on (M,w) i.e. Lxw = dixw + txdw = 0,
then txw is a closed 1-form on M, since w is closed.
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Thus, by Poincaré’s lemma locally on every contractible set every symplectic vec-
tor field is Hamiltonian. Globally, if H} .. (M) = 0, then every symplectic vector field is
Hamiltonian, i.e. given X such that d(txw) = 0, since locally any such form is exact and
[} e M)] = HJppor (M) = [0], then they all are. As a summary of these results we have:

closed

X is symplectic < (xw is closed;
X is Hamiltonian < 1 xw is exact;

If Hc%eRham(M ) =0, symplectic = Hamiltonian;

We now give an example of a symplectic vector field which is not Hamiltonian.

Example 4.5. Consider the 2-torus (M,w) = (T?,d6 A df2) and the vector fields X; = 8%1 and
Xy = 8%2 They are both symplectic but not Hamiltonian vector fields. Despite deceivingly having
Lx,w = dfy the coordinates (01,02) are not globally defined on T2.

4.2. Lie and Poisson Brackets

In this section we introduce the Lie and Poisson Brackets and see how they are related through
the symplectic structure.

Let us begin by recalling that given a vector field X € X(M) and f € C°°(M), with df the
corresponding 1-form, we have:

X - fi=df(X) = Lxf.

Definition 4.6. Lie Bracket
Given a smooth manifold M, the Lie Bracket is an operator, |-, ] : X(M) x X(M) — X(M). It is
also denoted [X,Y]| = LxY, which conceptually means the derivative of Y along the flow of X .

Proposition 4.7. Properties of the Lie Bracket
The Lie bracket satisfies antisymmetry, bilinearity, the Jacobi identity and Leibniz’s rule.
Given X,Y, 7 € X(M):

Jacobi identity: [z, |y, z]] + [z, [z, y]] + [y, [z, z]] = 0;
Leibniz’s Rule: Given f,g € C*°(M), we have:
[FX,gY] = fglX, Y]+ f(X-g)V - g(Y - /)X
Definition 4.8. Lie Algebra

The Lie bracket equips vector spaces V=T (T'M) of all vector fields on M (i.e., smooth sections of
the tangent bundle TM — M) with the structure of a Lie algebra.

Proposition 4.9. Given a symplectic manifold (M,w) and two symplectic vector fields X and Y
then [X,Y] is Hamiltonian with Hamiltonian function w(Y, X).
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Proof. (Ref. [3], proposition 18.3, p.108). We have:

L[X7y]w = ,CxLyw - LyﬁXw
=dixtyw+ix +diyw — vy +dixw — tytxdw
= d(w(Y, X)),

where we used the result ¢x yjo = [Lx, ty|a and Cartan’s formula. O]

Corollary 4.10. We have the following inclusions of Lie algebras (X"™(M),[-,-])
(x=vmP (M), [-,]) € (X(M), [, ])

N

Definition 4.11. Poisson Bracket
Given a symplectic manifold (M,w), the Poisson Bracket is an operator, {-,-} : C*(M) x
C>®(M) — C>®(M) defined as {f,g} := w(Xys, Xg).

Proposition 4.12. Xy = —[Xj, X{]

Proof. If X, (x, x,) is an Hamiltonian vector field, with Hamiltonian function w(Xy, Xy), then we
have: ‘

v (Xu(x; x,) w = dw(Xy, X))

By proposition , d(w(Xy, Xy)) = 1x,,x,)w and thus X,,(x, x,) = [Xg, Xf]. Now, by the defini-
tion of the Poisson bracket, we obtain X s = —[Xy, Xg]. O

We also have the following useful result:

Proposition 4.13. {f, g} = X f

Proof. By the nondegeneracy of w there is an isomorphism between vector fields and forms thus
we may define the unique vector field X; = Qg = w™!(df) such that:

{f:9} = w(Xy, Xy) = w(Qap, Xy)
= (to,w)(Xg) = df (X,)
= gf

O]

Proposition 4.14. Properties of the Poisson Bracket
The Poisson bracket satisfies antisymmetry, bilinearity, the Jacobi identity and Leibniz’s
rule.

Definition 4.15. Poisson Algebra

The action of the Poisson bracket on smooth functions C*°(M) of a sympletic manifold (M,w)
defines a Poisson algebra, i.c. it is a commutative associative algebra with a Lie bracket {-,-}
satisfying the Leibniz rule.

In conclusion, given a symplectic manifold (M,w) and the Poisson algebra (C*°(M),{-,}), by
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proposition we have the following Lie algebra anti-homomorphism:

C®(M) — X(M)
H— Xy
{t—=- [v]

4.3. Integrable Systems

For the triple (M,w, H), called a Hamiltonian system, we have a notion of integrability, i.e. we
are able to obtain solutions for this system under certain initial conditions.

Theorem 4.16. A function f is constant along integral curves of Xg if and only if {f,H} =0,
i.e., if f is in involution with H.

Proof. (Ref. [3], theorem 18.9, p.109). Let p; be the flow of the Hamiltonian vector field Xz. We
have:

d * * *
o) = pilx, ) = piixadf = piix,ix,w =
O

Definition 4.17. First Integral/Integral of Motion/Constant of Motion
A function f which is constant along the curves of Xy, as in the above theorem, is called a first
integral.

We say that functions fi,..., f,, on M are independent if their differentials (df1)p, ..., (dfn)p
are linearly independent at all points p on some open dense subset of M, i.e., they are enough to
construct coordinates on M. In general, Hamiltonian systems do not admit first integrals which
are independent of the Hamiltonian function.

The Hamiltonian vector fields of commuting first integrals, with respect to the Poisson bracket,
generate an isotropic subspace of T, M, i.e., w(Xy,,Xy,) = {fi, f;} = 0. Therefore, the maximum
number of independent first integrals is half the dimension of M, which is then called a Lagrangian
subspace. This is true by symplectic linear algebra since given a symplectic basis ey, ..., e,, v1, ..Uy
we have w(e;j, ej) = 0 = w(v;, v;) and w(e;, vj) = 6;;.

Definition 4.18. (Completely) Integrable Hamiltonian system
A Hamiltonian system (M,w, H) is (completely) integrable if it possesses n = %dimM indepen-
dent first integrals, f1 = H, fo, ..., fn which are pairwise in involution with respect to the Poisson

bracket, i.e., {fi, f;} =0 for all i,j.

For a regular value, ¢ € R", of f := (f1, ..., fn) independent first-integrals, the level set f~'(c) is
a Lagrangian submanifold since it is n-dimensional and its tangent bundle is isotropic.
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4.4. Variational Principles

The motions of the mechanical systems arise as solutions to a variational problem concerned
with minimizing the mean value of kinetic minus potential energy. By the correspondence of
Newton’s equations with Hamilton equations, solving the latter in phase space for the integral
curve of the Hamiltonian vector field with Hamiltonian function H gives us the solution to
Newton’s second law in configuration space.

Let us consider a mechanical system whose configuration space is R™ with coordinates ¢ =
(q1,...,qn) and a corresponding phase space in R?" given by coordinates (g,v). We assume the
system has a smooth function L : R?" — R, called the Lagrangian, given by L = L(q,q,t) = T —V.
Given a differentiable curve v : [0, 1] — R™ we define the action of this Lagrangian along v by:

T
mwzlzmmmmw

Given z and y in R", let C(]0, T}, z,y) denote the family of differentiable curves v : [0,7] — R"
such that v(0) = = and (T") = y. We now look for critical points of A7, on C([0,T],z,y), that is,
curves 7 such that for any I's € C([0,T], z,y) we have, s € (—¢,€) with 'y = v and:

dAr(Ts)
ds

s=0

The principle of least action states that the path vy for which the action A, is minimized is the
actual physical path of the system.

Proposition 4.19. FEuler-Lagrange equations
The curve v is a critical point of Ar, if and only if it satisfies the Euler-Lagrange equations:

+ (Fr0050)) = 000

Proof. Letc¢;:[0,T] — R, i € 1,...,n be smooth functions such that ¢;(0) = ¢;(T") = 0. Define
Ls(t) = (71(t) + sci(t), ..., v (t) + scn(t)). Then, we have that:

dAL ), o—/ Zd (Ya(t) + sea(t), 3u(t) + séi(t)) =

where ¢; = v;(t) + sc;(t) and ¢; = i(t) + séi(2).

r oL, . oL
= /0 zl: ((3%(77’7)61 + 3%‘6@) dt

using integration by parts, i.e, OTgTLi(t)c'Z-(t)dt = gfcz( N g%(%(t))ci(t)dt, where

gUL ci(t)| = 0 since there is no variation on the endpoints, we obtain:

/Z< (r9) = igi(%*y)>cidt
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setting equal to zero we obtain then % (%(v(t), A(t))) = g—s(’y(t), ’y(t)).

O]

Assuming the Legendre condition: <%(w,v)) > 0 for all (z,v) we can guarantee that the

solution of the Euler-Lagrange equation is at least locally minimizing. For the theorem and further
discussion on this topic see section 19.5, p.117 of [3].
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5. Geometric Quantization

Our best approaches to describing natural phenomena, at least on the sub-atomic level, led
us to the quantum theory. So, as far as we understand it, reality is essentially quantum in na-
ture with our usual classical descriptions being merely approximations in certain limiting situations.

However, as stated in [5], it is often the case that the problem of determining the quantum
behaviour of a particular system is far more addressable if one considers first its classical limit.
One such example is given by the study of electromagnetic radiation, where one quantizes the
classical Maxwell’s equations.

It is also the case that a lot of interesting physical systems need to be represented by more
than just R?". Often, one takes the phase space to be a cotangent bundle of some smooth man-
ifold but in general one works with an arbitrary symplectic manifold as the space of classical states.

There are several approaches to what is understood by quantization, here we are solely
concerned with geometric quantization. The objective is to obtain a typical quantum structure
by expanding on the geometric description of classical systems. Both theories, be it classical or
quantum, have a comparable underlying structure. In both cases we have a description of states
of the system, which we call the phase space, and observables which consist of ”measurable”
properties of the system. The following table gives a brief presentation of the mathematical objects
involved in each theory.

Classical Theory Quantum Theory
Space of states | Symplectic manifold (M,w) | Hilbert space (H, (-, -))
Observables [ e C>(M;R) Linear self-adjoint operators on H (Ls,(H))

Very briefly then, the goal is to associate to our symplectic manifold an Hilbert space repre-
senting our quantum states and promote functions on the symplectic manifold to operators acting
on this Hilbert space. As we shall see later, there are quite a number of requirements to be met
when performing this transition.

On the first sections, where we cover the process of prequantization, we mainly follow [2]
and [1]. On the sections after, we will essentially turn to [5]. Here we will consider the concept
of a polarization, the half-form correction and pairing maps. This sections are also heavily
influenced by [10], [11] and [7].

5.1. Mathematical Model of Classical Mechanics

For simple cases we might have an accurate description of the phase space of a certain classical
system by considering our manifold as R?", with the usual pair of coordinates (g1, ..., ¢n, P1, -+, Pn),
representing position and momentum. Note that this is also a symplectic manifold with a canonical
symplectic form given by wo = > dg; A dp;.

In general however, we consider the phase space M to be the cotangent bundle of some smooth
manifold N called the configuration space, thus M = T*N. In this case, the coordinates, ¢; with
i = 1,..,n, are defined only locally on some chart (U, ), with ¢ an homeomorphism to an open
set V C R™. The corresponding coordinates, p; with j = 1,..,n, are functionals on the dual space
(R™)* which give us trivializing coordinates on the cotangent bundle over U by identifying T*U
with V x (R™)*.
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On M = T*N we have a well-defined 1-form given by 0 = "} _, prdgy therefore its differential
is also well-defined and given by:

w=dli = Z dpy. A dqy (5.1)
k=1

This gives us a 2-form form which is obviously closed and nondegenerate on M, i.e., a symplectic
form.

However, we should not restrict ourselves to considering only cotangent bundles of some smooth
manifold. In general, to obtain the Hamiltonian formalism, and thus a classical system, one
needs only to consider a symplectic manifold (M,w) which, by Darboux’s theorem (3.19),
as a symplectic form given locally as in the form of equation by some suitable choice of
coordinates. This choice of coordinates is not uniquely defined therefore considering g as the
”position” and p as the ”momentum” is purely conventional.

The states of the system are identified with the coordinates on the phase space M, which
physically corresponds to the specification of the position and momentum of all particles present
in the system.

The observables (or physical quantities) acting on these states are identified with smooth
functions on M, i.e, the space C°°(M). On this space, we introduce an operator, the Poisson
bracket (def. , which gives it a structure of a Lie Algebra (def. [1.8).

The time-evolution of a system, its dynamics, is obtained by choosing an arbitrary function
H € C°°(M) called the Hamiltonian. In physical terms this function usually corresponds to the
energy of the system. There are two equivalent ways of describing the dynamics:

e Hamiltonian picture: The states are time-independent while observables are time-
dependent, represented as smooth functions on M x R. The equations of motion are given
by Hamilton’s equation:

F={HF}=wXy,Xr)

for an arbitrary observable F' € C°°(M xR) where Xy, X are the corresponding Hamiltonian
vector fields (see def. [4.1)). By applying this equation to the canonical variables py and g one
obtains Hamilton’s equations:

_om . om
gk 8pk’ Pk an

e Liouville picture: The states are time-dependent while the observables are now time-
independent. This description is mostly used in statistical mechanics where we consider the
density of states p(q,p,t) with the time dependency on ¢(t) and p(t). In this picture, time
evolution is given by the Liouville equation:

p(p, Q7t) = {P, H} = *{H,p}

Although both descriptions can be shown to be equivalent, here we are concerned solely with
the Hamiltonian formulation, since it is the one used in the geometric quantization procedure
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which we will cover.

A conserved quantity in a classical system corresponds to a function F’ which is in involution
with the Hamiltonian, i.e. {F, H} = 0, we call such a function F' a first integral. A finite dimen-
sional Lie algebra g generated by several first integrals corresponds to a Lie group G = exp g of
symmetries which acts on the system. We expect these symmetries to be manifest on the corre-
sponding quantized system which would be consistent with a group of unitary operators acting on
the Hilbert space.

Definition 5.1. Complete set of classical observables

Let (M,w) be a symplectic manifold representing a classical system. A set of observables {f;} is
said to be a complete set of classical observables if and only if, for every other observable g such
that {f;j,g} =0, for all j, implies g is constant.

If a set {f;} is complete then it serves as local coordinates around the neighbourhood of any
p € M. A trivial example of a complete set is the coordinates {q, ..., ¢n,p1,...pn} on the phase
space T*R™. It is also our expectation that complete sets in a classical system would manifest as
a complete set of operators acting on the quantum Hilbert space.
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5.2. Mathematical Model of Quantum Mechanics

In the case of a quantum system the phase space can be characterized by a complex Hilbert
space H, usually taken to be the complex Hilbert space of square-integrable functions L?(R™).
A state of the system corresponds to a function 1 € L?(R"™) with unit-norm, which we call a
wave-function.

Remark 5. We probably should state that individual points on this Hilbert space do not nec-
essarily correspond to different states of the system. Since the dynamical equations in quantum
mechanics are linear, we can not distinguish between a state 1 or Ay, A € C. Thus, a single state
is actually represented by a ray in this space. This redundancy can be taken care of by considering
the projective Hilbert space (see for example [I], section 2.1.1, p. 7). Here however, we shall not
be too concerned with this.

The observables are given by self-adjoint linear operators with domain and range on the
Hilbert space, Ls,(H). We take operators to be self-adjoint to assure that their eigenvalues are
real since they represent measurable physical quantities of the state of the system.

The vector space of observables in a quantum system is equipped with two bilinear operations
corresponding to the usual multiplication of functions and the Poisson bracket on the classical
system. These are defined respectively as:

e Jordan multiplication:
Ao B=_(AB+ BA)
With this operation the set of observables forms a commutative non-associative algebra.

o Commutator:

With respect to this operation the set of observables forms a Lie Algebra.

Observables in quantum mechanics do not necessarily have an exactly defined value. In this
case, the inner product on the space of states is given by an integral which we can interpret in
terms of a probability distribution.

The dynamics of the system is given by the operator H, called the Hamiltonian or energy
operator. Just as in the classical case we have two descriptions of the dynamics:

e Heisenberg Picture: We have time independent-states with time-dependent observables.
The motion of the system is described by Heisenberg’s equation:

A=[H, A,

which is the analog of Hamilton’s equations. The integrals of the system are all the operators
which commute with the Hamiltonian operator H. The law of conservation of energy for
example, is manifest from the fact that H commutes with itself.
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e Schrodinger Picture: In this picture states are time-dependent while the observables are
time-independent. The evolution of the system is given by Schrédinger’s equation:

. 2mE
=—H
b= =2y
The Heisenberg picture is more convenient for the purpose of geometric quantization. This
is clear from the immediate resemblance between the equations of motion with those of
the Hamiltonian picture in the classical case. This difference is captured by the brackets, the
quantum case given by the commutator while in the classical case it is given by the Poisson bracket.

Definition 5.2. Complete set of quantum observables

Let H be a Hilbert space representing a quantum system. A set of operators {O;(H)} is said to be
a complete set if and only if, for every other operator O such that [O;,0] = 0 for all j, implies
that O = Al for some constant A € C.

The following proposition relates the notion of a complete set of quantum observables with the
irreducibility of the Hilbert space H.

Proposition 5.3. If a set of self-adjoint operators {O;} on H is a complete set of operators, then
M is irreducible under the action of {O;}. This is equivalent to stating that every closed subspace
of H, which is invariant under the action of {O;}, is either equal to {0} or H.

Proof. (Ref. [1] proposition 1, p.10). O

That complete sets in the classical sense should give rise to complete sets in the corresponding
quantized system will be a major requirement for the process of quantization. This concept is
intimately related with the correspondence of symmetries in the classical and quantum systems
(see further discussion on this in [I], section 2.2.2. pp. 10-13).

A major result in quantum mechanics is the Heisenberg uncertainty principle. In regards

to the position and momentum operators in L?(—oo,400) it states that [p, 2] > %. This
requirement of the quantum theory has major implications in the mathematical construction of

the quantization procedure. In particular, it leads to the necessary structure of a polarization.

As a guiding example will see how the classical and quantum descriptions are related in the case
of R?n,

Example 5.4. Classical and quantum descriptions on M = R?"

Let us consider the configuration space given by R™ with coordinates {qi}?zl. Then, the symplectic
manifold M = R with the canonical symplectic form given by w = p dq* A dp' and Euclidean
coordinates {q",p'}I'_, corresponds to the phase space (the cotangent bundle) of the system.

A wave function, of the position coordinates, is a map ¥ : R™ — C which lives on the complex
Hilbert space of square-integrable functions H = L?(R™, dq), where dq denotes a Lebesque measure
in R™. The usual inner-product in H = L?>(R",dq) is given by:

(,0) = | vdda.
R‘n,

Where we interpret [1|? = (,1)) as a probability density.
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Given an Hamiltonian function H € C°(R?*™) with the following form:
~ (p")?
H= E e

where V : R™ +— R represents the potential, the basic physical quantities or observables are:
the position operator: qi — qi;

the momentum operator: p* —s —ih?;
q
. _h2 82
the energy operator: H = — —— +V(q).
2m an

Note that it is the relation {¢',p’} = 0 which leads to Heisenberg’s uncertainty principle,
APy
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5.3. Statement of the quantization problem

Having roughly described the basics of the mathematical aspects of classical mechanics and
quantum mechanics, we are now ready to state the general problem of quantization. The idea is to
construct a quantum mechanical system which is the analog of a classical one. Mathematically, this
consists of starting with the geometry of a symplectic manifold (M,w), associated to a classical
system, and from this structure build an Hilbert space H with a set of self-adjoint operators acting
on it which would represent the quantum analog of this system.

Remark 6. It is possible in general for a quantum system to have several distinct classical systems
as limiting cases.

As said before, it is natural to expect that the obtained quantized system should manifest the
same symmetries as the starting classical version. If we have a Lie group G of symmetries on the
classical phase space, which can be represented by the group of symplectomorphisms acting on it,
on the corresponding quantum system these symmetries should have a representation as unitary
transformations acting on the Hilbert space H.

However, the maximal symmetry group on (M,w) is the infinite dimensional group of all
symplectomorphisms (i.e. transformations on M which preserve the symplectic form w). While on
a quantum system the maximal symmetry group is the infinite dimensional group PU(H), the
group of all projective unitary transformations. Since these two groups are not isomorphic (see
[2]) we have no reason to expect a quantum symmetry for each classical one. What happens is
that some finite dimensional symmetry groups might be preserved while others are broken, these
are called ”quantum anomalies” in the commutation relations.

Having understood the mathematical descriptions of both theories, we are in a good position to
state the requirements we expect a quantization procedure should obey. The following definition,
due to Paul Dirac, states these requirements in the form of axioms.

Definition 5.5. Dirac Axioms of Quantization

A quantization of a classical system, on a symplectic manifold (M,w), is a linear map F a
which associates elements of the Poisson algebra C™°(M) to the set of operators Lsq(H), acting
on the Hilbert space H. This map should satisfy the following:

(i) 1 = Iy, the 1 on the left represents the function f € C™(M) which is identically equal to 1
while Iy is the identity operator acting on H.

(ii) {F,/E} = [F, Gy = il(FG — GF), the map is a Lie Algebra morphism;
(iiz) = (F)*, complex conjugation transforms to the adjoint operator;

(iv) Given a complete set of classical observables { f;} on (M,w) then the set {Oy,} of operators
on H should also form a complete set.

It turns out, by expanding on Van Hove’s theorem (see [13]), that it is not possible to find
a general method of quantization obeying all the requirements of the previous definition. There
are however many interesting mathematical results arising from the framework of geometric
quantization.

We now introduce the concept of a prequantization which is a map of the type F' — F discussed
above.
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5.4. Prequantization

The Koopman-Van Hove-Segal Representation

In the context of geometric quantization, if a linear map F — F satisfies the first three properties
of definition , we call it a prequantization. Such a map was constructed by Irving Segal (by
generalizing results of Bernard Koopman and Léon Van Hove) for the case when M = T*N, w = df,
i.e., when the symplectic manifold is the cotangent bundle of some configuration space. The map
is given by:

f=Ff—ihX;+0(Xy), (5.2)
where X is the Hamiltonian vector field on M generated by the function f € C*°(M).

The motivation behind this particular map can be seen as follows. Let f,g € C°°(M) and
consider the corresponding Hamiltonian vector fields Xr, X,. By proposition we have:

o —

Xipgy = X5, Xg] = {fi9} = —ihXp g & {f, 9} = ih[X}, X,).

It is tempting then to choose f = —1h Xy as a prequantization map, since it satisfies the desired
commutation relations. However condition (1), i.e. 1 = I is clearly not true. To change this we
add a term such that the prequantization map now becomes:

f=—ihX; + f,

this solves the problem of condition (7) but ends up breaking the commutation relations we had
previously. To obtain the relations required of a prequantization we add a term which is related to
the symplectic potential df = w thus ending up with equation . That it does indeed satisfy
the requirements for a prequantization will be shown in the next section on the more general
prequantization procedure by Kostant and Souriau.

However, this map is not a full quantization, it could never be considering the statement we
made above regarding Van Hove’s theorem. Let us see an example, in R?, where it fails to satisfy
the 4" axiom.

Example 5.6. Consider M = T*R. Let the canonical symplectic form be given by 6 = pdq, and
thus w = dp A dq, the coordinate and momentum operators are mapped as:

TR . h 0 ———— . h 0

fpa)=q= Uk v 9(p,q) =p= ordg

where one obtains Xy, X, by definition . If we consider the operators given by:

2 and g_‘_@
op dqg h P

We can easily see that they commute with § and p:
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Since these operators are clearly not multiples of the identity operator, then ¢ and p do not form
a complete set as operators acting on H, while they did form a complete set on M = T*R trivially.
In conclusion, condition (iv) for a full quantization is not satisfied.

5.4.1. The Kostant-Souriau Prequantization

The generalization of the previous prequantization, from cotangent bundles to general symplec-
tic manifolds leads to an operator that acts on complex line bundles over M, where the fibers
are equipped with a connection and an Hermitian structure which are compatible.

The fundamental ingredient for the previous prequantization was that w = df. If it is not the
case that w is exact, the map in will not work, in particular it will not work on arbitrary
compact manifolds (the volume form is given by w™ and thus can not be exact due to Stoke’s
theorem and positivity of the volume integral). However, since a closed form w is always exact
locally (by Poincaré’s lemma, theorem , we can cover M by open sets U, such that in each
U, the form w is given locally by w = df,, for some suitable 1-form 6,.

It follows from equation (5.2)), that on each U,, we have the prequantization map Fy, € C*(U,)
given by:

Fo,=F —ihXp+ QQ(XF),

It so happens that this maps can be “glued together” in a way which allows us to obtain
a global operator 3 , that acts on the sections of a line bundle L over M. For this to be the
case, it is necessary that the cohomology class given by the form w be integral, i.e., the inte-
gral of the form w over an arbitrary 2-cycle in M must be an integer. Let us construct this formally.

Let L be a complex vector bundle over M with a one-dimensional fibre, where we assume that
L is equipped with an Hermitian structure (-,-) and a connection V which are compatible, that is:

X - (s1,52) = (Vxsi1, s2) + (s1, Vxsa),

where X is a vector field on M and Vx is an operator corresponding to covariant differentiation
of sections along X.

If the bundle L over U, admits non-vanishing sections s,, we have an isomorphism between
smooth functions on U, and the space of sections I'(L, U, ), given by:

C®Uy) 20> ¢-sq €T(L,U,)
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Under this isomorphism the operator V x takes the form:
Vx (¢ sa) = (X - @)sa + dVxsa

We can define Vxs, = 1sq, for a certain ¢ € C®(U,), specifying ¢ from 6, (this is an
assumptiorEI) according to:

/)
Vxsq = ﬁea(X) *Sa,

and thus we obtain, for a general section s = Y. f's; on Uy, with f* € C®(M) :
S
Vs = ZX 3 0a(X)s; (5.3)
K3
Comparing this result with equation (5.2)) suggests that the prequantization map should be:

F=F —ihXp+0,(Xp)=F —ih <XF + ;_L@a(XF)> = F —ihVy, (5.4)

Let us confirm that the prequantization conditions are indeed satisfied by this map:

e Linearity: Given F' and G generating functions for the Hamiltonian fields X and Xg we
have:

F+G=(F+G)—ihVx,, ,=F+G,

since the map F — Xp is a Lie algebra homomorphism, in particular it satisfies
Xor+pa = aXfp + fXg. Linearity is then verified.

e Condition 1: Clearly true by plugging the function, F' =1 on M, in equation (/5.4)).

e Condition 3: (Ref. [1], theorem 8, pp.33-34). The operators F* corresponding to F' € C°°(M)
should be self-adjoint, i.e., we want to check that:

(Fsurss) = (0 ),
where we define the scalar product on the space of sections of L by:
(s1,82) = / (s1,52) dv,
M
with dv = w™. We then have:
(Fsa,s[g) = / <Fsa, 5/3> dv = / (F'sq —ihV x,.5q4,53) dv = / (Fsa,s8) —ih(Vx,5q,58) dv =
M M M

:/ (Fsa,55>dv—ih/ Vx, <sa,85>dv—|—ih/ (8a, Vx,.88) dv,
M M M

2This assumption leads to the correct prequantization procedure and manifests a relation between the curvature of the
connection with the symplectic form.
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where we used the assumption of metric compatibility on the last line. Proceeding with
the calculations:

/ <Fsa,35>dv—ih/ Vx, (Sa,$8) dv—i—z’h/ (Sa, Vxpsg) dv =
M M M

:/ <Sa,F85>dU+/ <sa,—ihVXF55>dv—ih/ Vx, (Sassp) dv =
M M M

:/ <sa,F55>dv—ih/ Vx, (5a,58) dv,
M M

where we used equation (5.4)) on sg when transitioning to the last expression. If condition
3 is to be verified then the remaining integral on the right must vanish. The integral is of the

type:

/ XF'hd'U,
M

where h € C*°(M) is a function with compact support (see definition ([7.2))) representing
(Sa,sg). We have the following relations:

(Xp-h)dv = Lx, (hdv) — hLx, (dv) = Lx, (hdv),

where on the second equality we used the fact that Lx,. (dv) = 0 since the symplectic form
is preserved by the Hamiltonian vector field. Now, using Cartan’s formula we obtain:

Lx,.(hdv) =1x,.d(hdv)+d(tx,.(hdv)) = d(tx,(hdv)),

where d(hdv) = 0, since it is a maximum rank form on M. We finally end up with:

/ A, (hdv))
M

This last integral vanishes since h is a function with compact support, by Stoke’s theorem:
/ d(tx,(hdv)) = / tx, (hdv).
M oM

Since h is a smooth function and has compact support that means h = 0 on M, thus
condition 3 is satisfied.

To verify condition 2 it is necessary to look at a few results first.

Definition 5.7. Curvature form of the connection V on sections s € I'(L)
The curvature of a connection V acting on sections s € I'(L) is defined as a 2-form Q on M, which
associates to a pair of vector fields X,Y € X(M) the map:

QX,Y)s = % ( Vx,Vy] - V[Xy]) s (5.5)

Proposition 5.8. Locally, on each U,, the curvature form ) is given by the following expression:

1
Q= —db, 5.6
) (56)
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Proof. Applying equation ([5.3)) to the definition of curvature, equation (|5.5)), on a general section
basis element s, we obtain:

2miQ(X,Y)s :([vx,vy] - V[X’“)S _ vy (ie (V) s> — vy (ia (X)- s>

hoe he
(X, Y]) s =
= (;) ((X 00 (Y)) -5+ 0a(Y) Vs — (V- 0a(X)) - s — GQ(X)VY,S)+
- %ea([x,m)-s.

Now, making use of the following relation (for an arbitrary smooth 1-form f):

dB(X,Y) =X -B(Y) - Y - B(X) — B(IX,Y]), we obtain:

1
AUX,Y)s = ((X 0a(Y)) +0,(Y)Vx — (Y -0,(X)) — HQ(X)Vy> - s+
(0 - 0 0 () — 0 1) ) s
= %dt‘)a(X, Y)s,
where the terms of the form 0,(X;)Vx, o 04(X;)04(X;), cancel since they are just products of
functions. O
Using these results let us check that condition 2 is verified, i.e. the relation @ = [A, gl is

satisfied (ref. [1], theorem 8, pp. 33-34). Consider s € I'(L), then:

[f,4s = [f —ihVx,,g —ihVx,]s = (f — iiVx,)(g — iV x,)s — (¢ — ihVx,)(f — ihVx,)s =
= (fg)s — (ihfVx,)s —ihVx,(gs) — I°Vx,Vx,(s)
— (9f)s — (ihgV x,)s —ihV x,(fs) — B’V x,Vx,(s) =
=—1’[Vx,,Vx,](s) —ih (fVx,s —gVx,s+ (Xs 9)s+9Vx,s — (Xy- f)s— fVx,s) =
= —1*[Vx,,Vx,](s) —ih (X5 - 9)s — (Xg - f)s)-

Now, since tx,w = df, we have the following intermediate result:
{f, 9} = w(Xy, Xg) = 1x,ix,w = df (Xg) = Xy - f
Thus, replacing the terms (X, - f) and (X7 - g) on the original equation, we obtain:
— W[V, Vx,](s) =i (Xs - g)s — (X, - ) (s) = =0°[Vx,, Vx,](5) + 2ia{f, g} (s) =
= —h? (V[Xf,xg] + 2miQ (X, Xg)> (5) 4+ 2ih{f, g}(s) = (ﬁQV[Xf,Xg] — Qﬁihz%w(Xf, X,) + 2ih{f, g}) (5) =
= (5 g, ) 4 2000191 )(6) = (1Y 4 (503 ) (9 = (= i0x,,,, 4 {5100 )0

— in{f.g}(s)

In order, we used equation (|5.5)) then equation (5.6 (with the assumption that df, = w) and
finally proposition (4.12]).
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By assuming the global result, 2 = %w, we obtain a prequantization therefore we have the
following theorem:

Theorem 5.9. The Kostant-Souriau formula gives a prequantization on (M,w) if and only
if the curvature form Q of the connection V coincides with %w.

We assumed the existence of an Hermitian structure and a connection which are compatible on
the line bundle L over M. Therefore, to obtain a prequantization in this manner, one must know
when it is possible to define such a structure. On the other hand, from the previous theorem, if we
have such a structure, it is enough to determine 2-forms on M that will serve as curvature forms
for this connection, i.e., satisfying proposition . The following theorem gives an answer to both
of these problems.

Theorem 5.10. A form € is the curvature form of some line bundle L over M with connection
V, if and only if the cohomology class defined by the form $ is integral (that is, the integral of the
form Q over an arbitrary 2-cycle in M is an integer). An Hermitian structure on L compatible
with V exists if and only if the form € is real.

Proof. (Refs. [2] theorem 2.23 (pp.151-152) and [7] section 5.2.2 (pp. 67-68)). O

Although we will not dwell on this topic, an interesting question to pose is whether the
symplectic manifold (M,w) uniquely determines the Kostant-Souriau prequantization, i.e., if it
is defined solely by equivalent line bundles (L;, (-, ), , V;) with suitable diffeomorphisms between
them. This turns out to be the case when the manifold is simply-connected. A general theorem
and further discussion can be seen in [2], theorem 2.3, pp.152-153.

Summary:, the Kostant-Souriau prequantization picks up a classical system, represented by the
symplectic manifold (M,w), and on it constructs a complex line bundle (L, m, M) equipped with
an Hermitian metric and a compatible connection V, such that the curvature Q2 = ﬁcurvv = %w,
where curvy is the usual curvature on vector bundles (see def. . Thus, we have a map between
classical and quantum observables acting on their respective spaces. The conditions necessary for

this construction are given by theorem (|5.10]).
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5.5. Naive quantization of R2?"

Let us attempt to quantize the familiar case of R?" with canonical symplectic form wy = > i dg; N\
dp;, and fix eventual issues in a straight-forward approach. The main goal here is to look at a clear
example which precisely motivates the introduction of the general setting of geometric quantization,
i.e. the introduction of polarizations and the half-form correction. The discussion here is based on
chapter 22 of [5], particularly on sections 22.3 to 22.5.

5.5.1. Prequantization of R*"

We start with a classical system which consists of the space of states given as pairs
(q1,-Gn, P1, .--pn) € R?", and the set of classical observables given by smooth functions on R?",
ie., f € C®R™).

By the Kostant-Souriau prequantization which we saw in the last section, let us consider a
complex line bundle L over M, equipped with a compatible Hermitian structure and connection V.
We can make sense of the smooth sections on L, I'(L,R?>") as our Hilbert space of (pre)quantum
states Hpreq. In this case this space is just the space of complex valued functions f € C>®(R?™).

In regards to the space of classical observables, the prequantization map promotes the func-
tions f € C%(R?") to (pre)quantum operators which will now act on the space of sections
Opreq(T(L,R?™)). The explicit form of this map, which we saw on the previous section, is given
by:

f=f—ihX;+0(X;) = f—ihVx,,
where Xy is the Hamiltonian vector field corresponding to the function f and w = df.

We have by now stated a few reasons why the prequantization map is not satisfactory as a
full quantization. A particular example, which illustrates in physical terms why this can not be
the case, is given by the harmonic oscillator. Here we solely comment on the result, for the full
discussion see [5], proposition 22.6, pp. 473-474.

The idea is the following, if we take the Hamiltonian of the harmonic oscillator (which corre-
sponds to the energy of the system), H(g,p) = 5= (p* + (mwq)?), the solutions to Schrodinger’s
equation, in polar coordinates, are given by the eigenvectors 1, (r, ¢) = f(r)e™™?, with correspond-
ing energy eigenvalues F,, = nhw. In these solutions n is any integer, i.e. n € Z, which means that
the energy is not bounded from below. This result clearly shows that this is not an acceptable
solution if one wishes to obtain a physically relevant quantization procedure.

5.5.2. Hilbert space of quantum states

To surpass this issues we must restrict to a subspace of Hp.cq, i.e. a subspace of the prequantum
Hilbert space . Motivated by the usual Schrédinger’s quantization, where the wave functions either
depend fully on position or momentum coordinates, we attempt to somehow allow only half of the
coordinates of R?".

Before we do this however let us introduce the notion of a gauge transformation.
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Definition 5.11. Gauge transformation

Let U : L*(R?") — L%(R?") be a unitary map. Given two affine connections V', V2 (or equivalently
two symplectic potentials) which define the prequantum operators Qlljre(f), f,re(f) of a function
f € C®R?), we call U a gauge transformation if:

UVXU ™' = Vi = UQpe (/U = Qpe(f),

for every vector field X € X(R?").

The choice of coordinates depend on this notion of gauge transformation. One can not simply
consider functions of the form 1 (q,p) = ¥(q,p’) where p # p’ (as an example of a state dependent
only on position coordinates) since these turn out to not be gauge-invariant, i.e. by applying
a unitary transformation on these states we end up changing the values of observables. In
general, the correct way of doing this is by considering covariantly constant functions along a
set of n distinct directions, which corresponds to the notion of independence for gauge-invariant
transformations. This is precisely the idea when one chooses a polarization P on the prequantum
Hilbert space which we will cover in some detail on the next section.

There are three typically considered subspaces of the prequantum Hilbert space Cg° (R?7):

e Position subspace: where one takes functions ¢ such that V5, 1 = 0, for all j.

e Momentum subspace: where one takes functions ¢ such that V5, ¢ = 0, for all j.

e Holomorphic subspace: which is given by functions ¢ such that V52 ¢ = 0, for all j,
where z; = z; —iapj, « > 0 and 0/0Z; = 0/0q; + i0d/Op;.

Fixing a symplectic potential 8 (see the following remark on why this is not an issue), the explicit
form of the functions in each of the resulting subspaces is given by the following proposition:

Proposition 5.12. Considering the convenient symplectic potential 0 = p;dq; we have the follow-
ing subspaces of complex valued smooth functions on R?":

e Position subspace: ¥(q,p) = ¢(q).
o Momentum subspace: ¢)(q,p) = '9P/"¢(p).

e Holomorphic subspace: {)(q,p) = F(z1, ..., zp)e *PF/CR) where F is an arbitrary holo-
morphic function on C" and as before z; = qj — iap;.

Proof. (Ref. [5] proposition 22.8, pp.475-476). O

Remark 7. The explicit form of these subspaces is dependent on the choice of symplectic potential.
However, given two symplectic potentials 61, 62 for the canonical symplectic form w they turn out
to be unitarily equivalent, i.e. they are obtained from each other by gauge transformations and
therefore lead to the same results (see proposition 22.5 on [5], pp. 471-472).

In the pursuit of physically relevant solutions on the previous subspaces, we are interested
only in those functions which are square-integrable, i.e., those which belong to L?(R?"). In this
regard, there are immediate issues with the subspaces we have identified so far, on the position
and momentum subspaces there are no non-vanishing functions which are square-integrable. Using
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the position space as an example, the norm is given by:

W(a.p)?= [ Wddpdq= /

dp | ¢¢dq,
RZn Rn

n

since R™ is not bounded, the norm is infinite unless 1)(q) = 0 almost everywhere. The situation is
exactly the same if we consider the momentum subspace.

In general this issue is solved by considering a correction based on the concept of half-forms
which we will introduce later when quantizing a generic symplectic manifold. For now, we proceed
naively by integrating in the regions where one obtains sensible results, i.e., only on R™ in the
variables for which the function depends on. By doing this we finally promote our space to an
actual Hilbert space of quantum states. In each of the previous cases these spaces are given by:

e Position Hilbert Space: Space of functions on R?” with corresponding norm given by:

vlap) =o@.  IWIE= [ |o(@lda

e Momentum Hilbert Space: Space of functions on R?" with corresponding norm given by:

vla.p) =t o), [l = [ lote)Pdp

e Holomorphic Hilbert Space: This space turns out to have non-zero square integrable
functions over R?", and forms a closed subspace of L?(IR?"). By identifying the states ¢ with
the holomorphic functions F' in:

U(q,p) = Fz1, ..., zn)e PR with norm [|W(F)|[72cn,) = / |F(2)|? p12an (2)dz.
(Cn

This space may be unitarily identified with a Segal-Bargmann space (see in appendix). It
is worth noting here that the choice of z; = ¢; —iap;, o > 0 is important since in the case of
zj = qj+iap; the resulting functions are not square-integrable in R?". This is a particular case
of a more general positivity condition which divides the complex polarizations in those called
Kaéhler polarizations, which are the well-behaved, and pseudo-Kahler polarizations which are
not.

Despite the fact that we considered only three possibilities for the n directions, one could in
general take any other combination to obtain different quantum Hilbert spaces.

5.5.3. Quantum observables

Having defined a new Hilbert space of quantum states we must, in general, change the prequan-
tum operators such that they act invariantly on these spaces. By acting invariantly we mean such
that f maintains us on the space of polarized sections. In the quantum spaces we are considering
however, we have the following result:

Proposition 5.13. The three Hilbert spaces of quantum states defined above, position, momentum
and holomorphic spaces, are invariant under the action of the prequantum operators g; and pj.
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Proof. Applying the prequantization formula (5.4), considering 6 = > ;Pjdg;, we obtain:

0 9 O 9
=G maijre(@Pj)’ pj_ijrman‘JrH( 561;')'

=0 (==ps)V (=0)

Restricting on the position space, i.e. removing the dependence on the momentum, we end up
with ¢; = ¢; and p; = ih% Similarly on the momentum space we obtain ¢; = —ih% and p; = p;.

J J

In the case of the holomorphic space, since z; = ¢q; — iap; and z; = g; + iap;, we obtain the

following relations:
o _1(o oy 9o __1 /(0 9
6(]]' 2 sz 8§j ’ apj - 2ia (92]' 82j '

Thus, restricting on the holomorphic space, i.e. in the the direction of z;, we have:

These subspaces are all invariant under the prequantized position and momentum operators. This
is due to the fact that the chosen polarizations are translation invariant, i.e. the set of directions
is the same at each point.

O

We will see later that this result is general, i.e. given a prequantum operator f obtained from
a function f, this operator preserves the quantum space if and only if the Hamiltonian flow X/
preserves the polarization P, where the space of quantum states is defined by P. We should
note also that in each space, the “coordinate operator”, i.e. ¢; in the position space, p; in the
momentum space and z; in the holomorphic space, acts simply by multiplication.

In general, the restriction of prequantum operators to the quantum Hilbert space will not be
invariant. Furthermore, even when this is the case, they are not necessarily self-adjoint or even
symmetric when acting on L?(R"™). For an example of this see [5] proposition 22.12, p.479.

Let us consider again the prequantum operator corresponding to the Hamiltonian of the
harmonic oscillator. This time however we will be considering the holomorphic polarization, i.e.
the Hilbert quantum space of holomorphic functions presented above. The energy eigenvalues are
of the form E, = nhw with n € Ny, already we see, despite the eigenvalues not matching the
known result of E, = (n + 1/2)hw, that this result is physically more reasonable than considering
the full prequantum Hilbert space. The expected result is obtained once the half-form correction
is introduced. The full treatment of this example can be seen in [5] proposition 22.14, pp.480-481.

By this treatment of R?” we see a clear motivation to further explore the notions of polarizations
and the half-form correction.
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5.6. Polarizations

The Kostant-Souriau prequantization setup will not, in general, satisfy the irreducibility re-
quirement (condition four of Dirac’s quantization axioms). In other terms, the canonical Darboux
coordinates are not uniquely defined and will depend in general on all 2n coordinates on M. This
means that, in general, the uncertainty principle (which comes from {z;,p;} = d;;) obtained by
the Schrodinger quantization will not be satisfied.

In the physical construction of quantum mechanics, the states do not usually depend simul-
taneously on both coordinates and momentum, x;,p;. Thus, the space of pre-quantum states is
too large for a physical quantum theory. We must therefore introduce some extra structure, the
concept of a polarization. This will allow us to define a smaller space, corresponding to the actual
quantum states, by picking a Lagrangian sub-bundle selecting only half of the possible directions.
We should note that, since we are interested in allowing complex variables, as in the case of the
holomorphic quantum space of the previous section, we should consider the complexified tangent
bundle for general polarizations.

Definition 5.14. Polarization
Let (M,w) be a symplectic manifold and consider the complezified tangent bundle over M, i.e.,
(TM®C). A subbundle P C (TM®C) is called a polarization if it fulfills the following conditions:

1) The space P(x) is a Lagrangian subspace of (TM ® C) for each x € M. Equivalently, P is a
maximal isotropic subspace of (TM & C), i.e., rankP = %dimM =n and w|pxp = 0.

2) The distribution x — P(x) is integrable. By Frobenius’s theorem we can restate this
condition, that is, given X,Y € X(P(z)) we have [X,Y] € X(P(x)).

In the general case, one can define the following sub-bundles of the tangent bundle:
E=(P+P)NTM and D=PNPNTM.

In general, the dimensions of E and D can change, at each point p of the base manifold M, in
such a way that dimFE, 4+ dimD,, = 2n. Therefore, if dimF, = n + k then dimD, = n — k, where k
can take integer values from 0 to n. To turn this definition into a more manageable concept it is
also typical to require of a polarization that dim (P NP NTM) = constant.

When E is a nonintegrable distribution it is not known at present (J2] - 1990, p. 156) how the
local description of the polarization is constructed. One then works with what are called strongly
integrable polarizations, which allows for the introduction of local coordinates as shown by
proposition (the full treatment of this can be seen in [I5]).

Definition 5.15. Strongly integrable/Reducible Polarizations

A polarization P on a symplectic manifold (M,w) is called strongly integrable or reducible if
and only if the following are satisfied:

(i) E is involutive (which implies that D is also involutive);

(i) The integral manifolds E = M/E and D = M/D (def. are differentiable manifolds such

that the canonical projection m: D — &£ is a submersion.

From now on we consider all polarizations P to be fall under the category of strongly integrable
polarizations. This allows for the construction of local coordinates as shown by the following propo-
sition:
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Proposition 5.16. Given a polarization P on (M,w), in every subset U C M, we have a set of
local coordinates {1, ..., Tp—fy Yly ooy Yn—ks ULy ooy Uk, U1, ..., Vg Such that on U we have:

n—k
D = span {3 }
Ozj i
n—k 8 k
P = span { , — }, where z; := u; + ;.
Orjlj=r OZiliy
Proof. (Ref. [15], proposition 5.4.7, pp. 97-98). O

If a subbundle P is a polarization then the complex conjugate subbundle P is also a polarization.
In general one can consider mixed states of real and complex directions, however here we will focus
solely on the following particular cases:

Definition 5.17. Real polarization

When P = P, P is a real polarization. In this case, P is the complezification of some real
integrable subbundle PR C TM. The manifold M admits a foliation of half its dimension such
that the space P®(p) coincides with the tangent space of the leaf passing through the point p.
Each leaf is a Lagrangian submanifold of M equipped with a canonical affine structure. Locally,
we have coordinates {x1,...Tn, Y1, ..., Yn} such that, on a neighbourhood at each p € M, we have

P = span{ B%i}

i=1...,n

Definition 5.18. Complex polarization

When PNP = {0} on M, we call the polarization P pseudo-Kdhler. In this case iw(-,-) : PxP —
C (M) is a nondegenerate Hermitian form on P(x). If this form is also positive definite, we call
it a Kahler polarization (or holomorphic polarization). Having a pseudo-Kdhlerian polarization,
by Newlander-Nirenberg’s theorem , we can introduce local coordinates {z;}i=1,.. n such that
on a neighbourhood of an arbitrary point x € M, P is spanned by {0/0z}i=1... n.

Definition 5.19. Polarized section o
Given a section s € C°(L), we say s is P-polarized if it is covariantly constant along P, that is:

st =0.

Our new Hilbert space of quantum states associated to a polarization P could be defined by the
closure of square-integrable polarized sections of L, i.e.:

Hp = {S eIy (L, L;;) : Vﬁs = O}. (5.7)

The subtle could with this definition comes from the fact that there are quite undesirable results,
particularly in the case of real polarizations. In this situation, it is often the case that we can not
find non-vanishing square-integrable sections satisfying the condition of covariant constancy (this
is already the case in R?" as we have seen). This motivates the introduction of a correction factor
by half-forms which allows one to obtain more interesting results. In particular, it gives the correct
energy eigenvalues for the harmonic oscillator. But, before that, let us see first how the process of
quantization works without introducing this correction terms.
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5.7. Quantization without half-forms

Our main goal now is to understand how to reduce the space of prequantum operators to those
which preserve the space of square-integrable polarized sections given by (5.7)). Here we follow
chapters 23.4 to 23.7 of [5] as our guideline.

Working with arbitrary polarizations we define first the notion of a quantizable function.

Definition 5.20. Quantizable function

Given a symplectic manifold (M,w) and a polarization P on M, the complex valued functions
f e C®(M) are said to be quantizable if the prequantized operator f preserves the polarized
smooth sections with respect to P.

We see next which conditions are necessary to guarantee that a complex valued function f €
C*°(M) is quantizable.

Definition 5.21. Polarization preserving vector field
A wvector field X, real or complex, for which the commutator [X,Y] € P, VY € P is called a
polarization preserving vector field for the polarization P.

Remark 8. If X € P, X trivially preserves P since P is integrable. However, we may have a
P-preserving vector field X where X ¢ P.

Theorem 5.22. Given a complex valued function f € C*°(M), if the Hamiltonian vector field Xy
preserves P then f is quantizable.

Proof. (Ref. [5], theorem 23.24 pp.497-498). O

Remark 9. The converse of the previous theorem is false in general. It happens, that for a given
polarization P, we might have no non-zero globally defined polarized sections. This implies that
every function is quantizable.

A particular case of the previous theorem occurs for functions which satisfy X (f) = 0 for all
X € P. In this case we have:

Proposition 5.23. Given a complexr valued function f € C°°(M), such that df = 0 along P, then
the prequantized operator f is quantizable with respect to P and it acts simply by multiplication.

Proof. (Ref. [3], theorem 23.25, p.498). O

We saw particular instances of these results when quantizing R?" in section

5.7.1. Real polarizations

Considering now the case of real polarizations we see first a result which guarantees the existence
of local polarized sections.

Proposition 5.24. Polarized sections - Local existence (Real case)
Given a real polarization P on a symplectic manifold M, ¥p € M there exists a neighbourhood U
of p and a P-polarized section s of the complex line bundle L over U such that s(p) # 0.

Proof. (Ref. [5], proposition 23.26, p.499). O

For real polarizations however, the global existence of polarized sections presents a number of
difficulties. According to [5] (p.499) if the leaves of P are not embedded it is unlikely one can find
global polarized sections. Furthermore, even when this is the case, there are possible hurdles. If
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the leaves of the polarization are embedded submanifolds, there are no non-vanishing polarized
sections of L on every leaf R of P for which there exists a loop v that has non-trivial holonomy
(see in appendix and [5] section 23.5.2 for further details). To a leaf R of P for which every
loop has trivial holonomy we call a Bohr-Sommerfeld leaf.

In summary, the case of real polarizations presents a number of challenges which limits the
appearance of interesting results in the current state. As seen before, even in the simpler case of
R?” or in the case of vertical polarizations for arbitrary cotangent bundles M = T*N we have no
non-vanishing polarized sections which are square-integrable. Again, this motivates the introduction
of some type of correction which turns out to be the half-form correction.

5.7.2. Complex polarizations

In the case of complex polarizations, we will be concerned only with Kahler polarizations
since these are the ones leading to the existence of non-vanishing square-integrable polarized
sections.

In the complex case there is a natural choice for a polarization. By Newlander-Nirenberg’s
theorem (3.37)) we can construct a unique complex structure J on M such that P, = m1o(TM ®
Cp=T 1,0 p at each p € M. Just as in the real case, we have a local existence result in the complex
case.

Proposition 5.25. Polarized sections - Local existence (Complex case)
Given a complex polarization P on a symplectic manifold M, ¥p € M there exists a neighbourhood
U of p and a P-polarized section s, of the complex line bundle L over U, such that s(p) # 0.

Proof. (Ref. [5], pp.503-505). O

Now, let s and s’ be two locally P-polarized sections of L on a neighbourhood U of p € M. There
is a unique complex-valued function f € C°°(M) such that ' = fs on U. Then, given X € P we
have:

Vxs =Vxfs=X-f+ fVxs=0,

therefore df(X) = X - f = 0, VX € P,. This implies that f is a J-holomorphic function (see
def. ), for the complex structure J above where P = T19. Then, we can define a family of
local trivializations of L which are related by holomorphic functions such that the P-polarized
sections are precisely the holomorphically related sections of L.

It’s possible to show (see [§], proposition 14.15) that in the case of a complex polarization,
the space of square-integrable polarized sections of L forms a closed subspace of the prequantum
Hilbert space. Given p € M the map s — s(p) € C is a continuous linear functional which, by
Riesz’s theorem, can be represented by an inner-product with a unique element of the quantum
Hilbert space.

Definition 5.26. Coherent States
Given a complex polarization P on M. For each p € M, we define the coherent state x, as the
unique element of the quantum Hilbert space such that:

s(p) = (xp,s), foralls.

There is a natural identification with this space and the Segal-Bargmann space, and thus also
between the coherent states (see the discussion in [5], p. 502).
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5.8. Quantization with half-forms

As we discussed before, in an attempt to obtain non-vanishing square-integrable polarized sec-
tions, in the particular case of real polarizations, we introduce a correction term known as half-
forms. In the case of complex polarizations, even though we can already find non-zero square-
integrable sections, it turns out that the introduction of the half-form correction has some ad-
vantageous properties. A particular case is that of the harmonic oscillator, where one obtains the
correct energy eigenvalues.

5.8.1. Real polarizations

Let us consider the Euclidean plane R? as a guiding example of what we expect of the half-form
correction, in the case of a real polarization. Consider the vertical polarization on R?, i.e. only
coordinate dependent wave-functions 1(q). We have seen that the polarized sections will not
have finite norm since the integration is performed over the entire manifold, that is both in ¢ and p.

Introduce then the half-form Hilbert space represented by s® +/dq, where s is a polarized section
of L and /dq is thought of as a ”section of the square root of the canonical bundle”. Then, to
compute the norm of this new state, we consider its square, |s|?dg, where s is only a function of ¢,
and we think of it as 1-form in R rather than R?. We obtain:

8|2 = / 15()dg.

Although it looks similar to the naive reduction we performed in the case of R??, this proce-
dure works on general symplectic manifolds and the quantized observables will turn out to be
self-adjoint, which was not the case previously.

Let us see how the space of half-forms is constructed rigorously beginning with the necessary
definitions of the space of leaves and the canonical bundle. Throughout the discussion consider the
symplectic manifold (M, w) and the prequantum line bundle L over M, with compatible Hermitian
structure and connection, and P an arbitrary real polarization.

Definition 5.27. Space of leaves of a polarization P

The leaf space = of a polarization P is the set of all leaves, i.e. maximal connected integral
submanifolds of P, equipped with a quotient map q : M — =, at each p € M, given by p — Z,
i.e., the map takes p to the unique leaf which contains p. The topology on this space is the usual

quotient topology, i.e., a set U is open in = if ¢~ (U) is open in M.

To perform geometric quantization we must assume that = has the structure of an n-dimensional
smooth manifold. Since there is no canonical volume measure on =, we define it in such a way
that, at each point, we obtain an n-form which we can then integrate on Z=.

By introducing the canonical bundle, we obtain sections on M mapping to n-forms which are
related in a particular way with the chosen polarization. Considering the leaf space = a smooth
n-manifold, we are able to identify the space of polarized sections of the canonical bundle with the
space of all n-forms on the space of leaves =. In other words, we are able to bring a volume measure
to the n-dimensional space of leaves =, having the notion of a “polarized volume measure”.
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Definition 5.28. Canonical bundle
The canonical bundle Kp of P is the real line bundle with sections mapping to n-forms « satis-
fying the following properties:

txa =0, for any vector field X € P.
We say that a section a of Kp is polarized if:
tx(da) =0, for any vector field X € P.

Equivalently, the complexified canonical bundle IC% has sections which are complex valued n-forms
which satisfy the same relations (in this case we consider vector fields along P ).

Example 5.29. Consider R?" with vertical polarization P on M. An n-form a on R?*™ is a section
of Kp if and only if « is of the form:

a= f(q,p)dq A ... \dgy.

If & had terms of the form dpj then, for any vector field X containing a term 0/0p; we would not
have txa = 0. The n-form « is a polarized section of Kp if and only if it is of the form:

a=g(q)dqi A ... N dgy,

where f and g are smooth functions on R®*™ and R™ respectively. If the function f were dependent
on p; we would have da as a function of dp; Adqi A ... N dg, and we would have vx (da) # 0.

Proposition 5.30. Considering the leaf space = of P a smooth manifold and o a polarized section
of Kp, there exists a unique n-form & on Z satisfying:

a=q

where q is the quotient map. Conversely, given 3 an n-form on Z, then « := ¢*(53) is a polarized
section of Kp.

Proof. (Ref. [5], proposition 23.37 pp. 507-508). O

5.8.2. Square roots of the canonical bundle

We now assume that the leaf space Z of P is orientable with a particular choice of orientation.

Definition 5.31. Choose an oriented non-vanishing n-form 8 on = such that o = ¢*(B) is a non-
vanishing section of Kp. We say that a section of Kp is non-negative if it is, at each point, a
non-negative multiple of «.

By selecting an oriented form in = this allows to construct a trivialization of the canonical
bundle by having « as a basis section defined globally. Then, we are able to define the notion of
the square-root of the canonical bundle.

Definition 5.32. Square-root of the canonical bundle op

By the square-root of the canonical bundle dp, we mean a line bundle dp on M together with
a particular isomorphism from dp ® dp to Kp. That is, given s1,s9 € dp, we think of s1 ® s9 as
a section on the canonical bundle KCp. We also assume that the isomorphism is such that given
s € Op we have s ® s non-negative on Kp (if this is not the case one can compose with —I on the

fibers of Kp).
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We can also consider the complexification of this line bundle, 5%, where one then thinks of
$1 ® s9 as a section on the complexified canonical bundle IC;C, for s1,89 € 5%.

Given a section « on Kp and a vector field X in P, we can define the n-form V yo by:
Vxa = ix(da). (5.8)

We call V the partial connection on Kp. Since we have txa = 0, then Vxa = Lxa. By the
following proposition, Lx« is again a section on Cp.

Proposition 5.33. If X € X(M) is a polarization (P) preserving vector field and o a section on
the canonical bundle Kp then Lxa is also in Kp. Furthermore, if « is polarized then so is Lxa.

Proof. (Ref. [5] proposition 23.38, p. 508). O
By definition a section a of ICp is polarized if and only if Vxa = Lxa = 0.

By the following proposition, the partial connection can be “projected” on the square root of
the canonical bundle p.

Proposition 5.34. Fizing a square root ép of Kp, for any vector field X in P there is a unique
linear operator Vx : dp — dp satisfying:

ﬁx(fsl) =(X-f)s1 + fﬁxsl
VX(Sl & 82) = (vxsl) @S2+ 81 ® (vXSQ)a
for any smooth function f and sections si,s2 on dp.

If X is a polarization preserving vector field then there is a unique linear operator L : 6p — 6p
satisfying:

Lx(fs1) = (X-f)s1+ fLxs1
Zx(81 & 82) = (ZXsl) X S9+ 851X (ZXSQ),
for any smooth function f and sections s1,ss on op.
Proof. (Ref. [5], proposition 23.41 pp.510-511) O

These constructions extend naturally when considering sections on 5% instead of dp. We say
then that a section s € 5% is P-polarized if Vxs =0 for all X € P.

5.8.3. Half-form Hilbert space

Given the prequantum line bundle L over M, we consider now the tensor product bundle L®5%.
Locally, we decompose the sections s; of L ® 5% as s; = [ @ v;, where p; is a section on L and v;
a section on 5%. Furthermore, given two sections s; and so on L ® 6% we have a globally defined
section on IC%CD given by:

(s1,52) := (p1, p2)V1 @ v, (5.9)

where (u1, o) is a scalar defined by the inner-product which comes from the Hermitian structure
on L.
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By the connection V on L and the partial connection V defined on 5% one can define a a global
connection V on L ® (5(7% given by:

Vxs = (Vxp)@v+p® (Vxv) (5.10)

We are then able to define a polarized section of L ® 5%, i.e. a section s is polarized if v xs=0
for any vector field X in P. One can also see that if s1,80 € L ® (5% are polarized sections then
(s1,82) is a polarized section of Kp.

In general we do not always have globally defined polarized sections of L ® 5%. Similarly to the
case without the half-form correction, we say that a leaf R is Bohr-Sommerfeld if there exists a
nonzero section s of L' ® 5% over R, such that Vxs = 0 for all tangent vectors to R. We now finally
define the half-form space which will essentially be our Hilbert space of quantum states.

Definition 5.35. Half-form space
Given a real polarization P and any square root ép of Kp, we call the space of smooth polarized
sections of L ® (5% the half-form space. For a polarized section s of L ® 5%, we define the norm

of s by:

<s,s>:|rsu2:/_<??>,

where (-, -) is given by equation and where (81, $2) is the n-form on = given by proposition|5.30
i.e. the pull-back of the n-form on the canonical bundle Kp given by the isomorphism opRdp ~ Kp.
Given s1 and sy in L ® 8% we define their inner-product by (assuming ||s1]| < oo and ||s2|| < 00):

(s1,82) = / (51,52, (5.11)

Definition 5.36. Half-form Hzilbert space
The half-form Hilbert space is the completion of the space of all square-integrable polarized
sections s with respect to the norm defined above.

Example 5.37. Let M = R? and consider L the trivial bundle on R? with connection Vx =
X —(i/R)0(X) with § = pdq. Consider the vertical polarization in R? and orient R such that the 1-
forms are positive multiples of dq. Let \/dq be a trivializing section of op such that \/dq®+/dq = dq.
Then, every polarized section s of L ® dp has the form:

s =(q) ® /g,

where ¥ is a function on R. The norm of s is computed by:

13]2 = / (q) Pda.

The 1-form dq is a globally defined polarized section of the canonical bundle KCp with v/dq a polarized
section of dp. Polarized sections on the half-form space L ® 6% are given as s = ¥(q) ® \/dq. In

this case (/s_j/s) = (s,8) = |[¢(q)|>dq, which is a 1—form on the space of leaves = ~ R instead of R?.
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Summary: It is quite difficult to motivate the construction of the half-form correction besides
the fact that it allows one to obtain square-integrable sections on real polarizations and that it
gives us the correct quantization of the harmonic oscillator for example. In a simplified fashion this
are the steps we took:

We begin with a symplectic manifold (M, w) and with the structure of a complex line bundle
L over M, equipped with a connection and Hermitian structure which are compatible. Then,
we make a choice of a real polarization P on M, which generates a “sub-foliation” = on M
given by the space of leaves of P.

Instead of integrating on the entire manifold M, we intend to integrate solely on the space of
leaves = of our polarization, considering = to be a smooth n-dimensional manifold with an
orientation. Thus, since = has no canonical volume measure we intend to construct one that,
essentially, suits our needs.

The canonical bundle, p, is a bundle on M where the sections are n-forms which vanish on
any vector field lying in P. We can then define the notion of a polarized section to be given
as tx(da) =0, for a € Kp.

By the pull-back through the quotient map we can turn a polarized section on the canonical
bundle Kp into a unique n-form on Z. Likewise, given a form € Z we obtain a polarized
section on ICp (see proposition [5.30)).

Since we have an orientation on =, we can trivialize KCp, with a global section a = ¢*, which
allows one to define the “square root of the canonical bundle” p.

We think of sections s1,s2 € dp as sections in dp ® dp ~ Kp, where we make a choice of
isomorphism.

Then, we can construct a partial connection on Cp, which we are able to “project” on sections
of dp, allowing us to define polarized sections of dp.

Next, we construct the space L ® 5(79 where we can again define a notion of polarized sections
and introduce an inner-product.

Thus we finally consider our Hilbert space of quantum states H, associated to the polarization
P together with the half-form correction, to be the completion of:

Hz{w@ﬁer(map)wx(m\/a):o, VX € P,

and [l ® ¢a|12=/_

(6, " (Va ® va) < oo},

with inner-product on L ® dp given by:

(vevaoe VvB) = [waorvas Vb

where (-,-) is the Hermitian structure on L and ¢*(y/a ® v/B) is the pull-back of the chosen
isomorphism to the canonical bundle Kp to an n-form on the space of leaves =.
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5.8.4. Quantum observables on the half-form space

Considering the new half-form Hilbert space, the space of prequantum operators must change
accordingly so that they preserve P. The following definition gives us a way to obtain polarization
preserving self-adjoint, or at least symmetric, operators on the half-form Hilbert space.

Definition 5.38. Quantum operators acting on the half-form Hilbert space
Given any function f on M which preserves the polarization P (def. , the operator Q(f)
acting on the half-form Hilbert space of P is defined as;

~

Q(f)s = (fw) @v+ihp® Lx,v,

where f represents the prequantum operator of f and where s decomposes locally as s = p® v, with
u a section of L and v a section of 5%.

By the following theorems, the quantized observables Q(f) satisfy the desired commutation
relations and are self-adjoint, or at least symmetric operators.

Theorem 5.39. Let f and g be functions on M with corresponding Hamiltonian vector fields Xy
and X, which preserve the polarization P. Then, the operators Q(f) and Q(g) satisfy:

Q). QW) = QU

on the space of smooth polarized sections of L ® 5%.
Proof. (Ref. [5] theorem 23.46, p. 515). O

Theorem 5.40. Given a real valued function f € C°°(M) such that Xy preserves P, then the
operator Q(f) is symmetric on the space of smooth sections of L ® 5% for which s;s has compact
support on Z.

Proof. (Ref. [5] theorem 23.47, pp. 516-517). O

5.8.5. Kahler polarizations

In the case of Kéhler polarizations, the half-form correction leads to better results. In the
particular case of the quantum harmonic oscillator for example, the corrected version results
precisely in the energy spectrum given by (n + 1/2)Aw, n = 0,1,2,..., while the non-corrected
version gives us nhw (see example 23.53 in [5], p.520 and the previous discussion on p. 518).

We now simply state the general results of the complex case since the construction is
pretty similar to the real case. Let us consider a quantizable 2n-dimensional symplectic mani-
fold (M,w) with prequantum line bundle (L,V) over M and with a Ké&hler polarization P on
M. First we should note that there is a relation between Kéahler polarizations and Kéahler manifolds.

Proposition 5.41. A Kdhler polarization P on a symplectic manifold M induces an almost com-
plex structure J on M which is integrable and therefore (M,w, J) is a Kdhler manifold. Conversely,
on a Kdhler manifold there are always two polarizations, the holomorphic P and anti-holomorphic

P.
Proof. (Ref. Theorem 96, [7] p. 70). O
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In the complex case, where P # P, the canonical bundle p of P is the complex line bundle
where the sections are the n-forms « satisfying txa = 0. The sections of Kp, which correspond to
the (n,0)-forms on M, are said to be polarized if tx(da)) = 0 for each X € P.

We define again the notion of a square root of the canonical bundle (5% which consists
of a complex line bundle on M and a particular choice of isomorphim 5C ® 6§ ~ ICC With the

same notion of partial connection V we consider sections on L®Jp to be polarized if v xs=0.

There is now however a natural Hermitian structure on the complex canonical bundle which we
did not have in the real case.

Proposition 5.42. Hermitian structure on (5(79
If a is an (n,0)-form on M then, at each point p € M, the 2n-form given by:

(—1)”(" 1)/2( i\)"a A a,

is a non negative multiple of the Liouville form \ = ,w” This allows to define a unique Hermitian
structure on 5% such that, for each section s of 57;., we have:

s (MR G A(sos))
‘ - on A ’

where given an arbitrary 2n-form (3, g denotes the unique function on M such that 8 = (g))\

With the Hermitian structure on L and an Hermitian structure on dp one can define an Hermitian
structure on L ® dp.

Definition 5.43. Half-form Hilbert space
The half-form Hilbert space for a Kdhler polarization P on M, is the space of square-integrable
sections of L ® 5%

The quantized observables acting on the half-form Hilbert space are given by:

Definition 5.44. Quantum operators acting on the half-form Hilbert space
Given any function f on M which preserves the polarization P, the operator Q(f) acting on the
half-form Hilbert space of P is defined as;

Q(f)s = (fu) Qv +ihp® Lx,v,

where f represents the prequantum operator of f and where s decomposes locally as s = pQ v, with
w a section of L and v a section of 5%.

As we had previously, the quantized observables Q(f) satisfy %[Q( 1), Q(9)] = Q({f,g}) on the
space of smooth polarized sections of L ® ép.

Proposition 5.45. Quantum harmonic oscillator
ip

Let M = R?" with Kdhler polarization P given by the complex coordinate z = (z — L), where

w is the frequency. We take dp = V/dz and consider the Hamiltonian of the harmonic oscillator
H = ﬁ(p2 + (mwq)?). Then,Xpy preserves the polarization P and the operator Q(H) has the
energy eigenvalues given by E, = (n+ 1/2)hw, for n € Ny.

Proof. (Ref. [5], example 23.53, p.520). O
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5.9. Pairing Maps

The space of quantum states we have constructed is dependent on the choice of a polarization.
The concept of a pairing map is then defined as a way to compare the resulting quantum states
obtained by distinct polarizations. We will see how this works for the case of two transverse
real polarizations with the other possible combinations being treated similarly with slight
modifications. The discussion here is based on chapter 23.8 of [5].

Consider two polarizations P! and P? with corresponding leaf spaces Z; and =, which we
assume to be n-dimensional oriented manifolds. By transverse we mean that, at each point p € M,
731} N 735 = {0}. This implies that, given polarized sections s}, s, in Kp: and Kp= respectively, the
2n-form s} A s) is non-vanishing on M. We can define the following map:

Definition 5.46. Given any p € M we define a bilinear pairing from dp1 x op2 — R by:

(1 @) A (12 ® I/2)>1/2 . (5.12)

(v1,12)p = < 3

Here we use again the previous notation, the numerator is a 2n-form and A = w™/n! is a 2n-form
(the Liouville form) such that (v1,v2) is a function on M.

Similarly, we can extend to the map 5%1 x 65, — C, which is taken to be sesquilinear (conjugate

linear in the first factor and linear in the second).
By considering the Hermitian structure on L we can extend to the following map:

Definition 5.47. Given any p € M we define a pairing map (L, ® 0%,) x (L, ® 5%2) — C by:

(1 @ v, 2 @ v2)p = (1, M2>p (v1,12)p, (5.13)

where (-,-) corresponds to the Hermitian structure on L and (-,-) is given by definition[5.46
Definition 5.48. Let H' = (L ® 0%,) and H* = (L ® 6%.) be the half-form Hilbert spaces corre-

5

sponding to polarizations P! and P?. Assuming the integral is absolutely convergent we define the
pairing between sections s; € H' and so € H? by:

<51,82>7:1,p2 = C/ (51,52)A (5.14)
M

where (-,-) is given by deﬁm’tz’on and c is a constant which depends on h and the dimension
of M.

Definition 5.49. Pairing map
Let s1 € H' and sy € H?. A pairing map is a map of the form Ap: p2 : H — H? which satisfies:

<317 52>7>1’732 = <A771,732 51, 82>'H2 (515)

If we can find a constant C' such that [(s1,52)p: po| < Cl[s1]| |[s2|| then, there is a unique
bounded, and therefore continuous, operator Ap: p> which satisfies ([5.15)).
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Definition 5.50. Equivalent Polarizations

Given transverse real polarizations P, P? and any two sections si, sy in H', H? respectively, if the
pairing map (Ap: p2s1, s2) is unitary, or at least a constant multiple of a unitary map, we say that
the polarizations P, P? are equivalent.

This leads naturally to the concept of a quantization which is independent of the choice of
polarization.

Definition 5.51. Polarization independent quantization

If the pairing map of definition is unitary, or a constant multiple of a unitary map, for
any two polarizations on the prequantum Hilbert space, we call the quantization polarization
independent.

One example where we indeed have a unitary map is the case of R? with vertical polarization
PV and horizontal polarization P . In this case, the map Apv pr is a scaled version of the Fourier
transform and in particular a constant multiple of a unitary map.

Example 5.52. (Ref. [3], example 23.54, p. 522) Let M = R? and consider L to be trivial with
canonical 1-form 6 = pdq. Let PV be the vertical polarization, covariantly constant along 0/0p and
PH be the horizontal polarization, covariantly constant along 0/0q. The sections on the half-form
space are given respectively by:

s1(q,p) = ¢(q) ® Vdgq, and s2(q,p) = Y(p)e®?/" @ \/dp,

where ¢, are functions on R which we have obtained in proposition[5.13. The pairing map is then
given by:

(0@, v @)™/} (/da, \/dp)A,

where (-,-) corresponds to the Hermitian structure on L and (-,-) is given by definition[5.46, Here
the Liouville form is just A = w = dp A dq so, considering c =1, we obtain:

(51,52>7;V773H = c/

R2

(s1.500pv == | S (p)e " dgdp (5.16)

The term (v/dq,/dp) is calculated as follows:

1/2
(Vi /) = (VLGOI Ty

dq N\ dp

By looking at equation , we are then able to construct a pairing map Ap: p> which is scaled
version of the Fourier transform. Considering (Ap: p2sy,s2) = ||s2||* we obtain:

Ao pa(00) @ V/n) = W) 0 Vip = 0(0) = = [ ola)e g

Since there are currently no general results, it is uncommon to find pairing maps which are
unitary up to a constant. Therefore, constructing examples where this is the case is of particular
importance.
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6. Complex Hamiltonian Flows

After reviewing a few basic definitions and results, we begin by introducing the concept of a Lie
Series, due to Grobner, which leads to complex time evolution and complex Hamiltonian flows.
This section will mainly follow the work by Grébner [18], in particular sections 1.1,1.2, the paper
on complex Hamiltonian flows by |José M. Mourao and Joao P. Nunes| [9], sections 2 to 4 of [16]
and section 2 of [14].

6.1. Preliminaries

Let us begin by reviewing some basic concepts regarding analytic functions, vector fields and
flows. In the following discussion consider M a general smooth manifold of dimension n.

Definition 6.1. Real analytic function
A function f : R — R is real analytic on an open set D C R if, given any xg € D the following
series:

f(z) = Z&n(l‘ —x0)", where a, € R, Vn € Ny,
n=0

converges, for x in a neighbourhood of xg.

Definition 6.2. Real analytic manifold
A smooth manifold M with an atlas A is real analytic if all transition charts on A are real analytic
functions.

Definition 6.3. Vector field on a smooth manifold M
A smooth vector field X on M is a smooth map of the form:

X :M —TM
p— X(p) =X, € T,M.

The set of all differentiable vector fields on M is denoted by X(M) and we will denote the set of
all real analytic vector fields as X< (M).

A smooth vector field X € X(M) acts on smooth functions f : M — R in the following way:
X -f:M—R
p— Xy fi=X,(f).

Thus, it represents a linear operator X : C*°(M) — C*(M).

Regarding smooth vector fields we have the following results.
Proposition 6.4. Given X,Y € X(M) there exists Z € X(M) such that Z = [X,Y].

Theorem 6.5. Local flow
Let X € X(M), for each p € M there is a neighbourhood W of p, an interval I = (—e€,€) and a
map F : W x I — M such that:

(i) given q € W, the curve F(q,t), t € I, is an integral curve of X at q, i.e., F(q,0) = q and
%(Qa t) = XF(q,t) 5
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(ii) the map F is differentiable and we call F' the local flow of X at point p. Fizing t we
consider:

@/Jt W - M
q— F(q,t) = cq(t).

Proposition 6.6. The maps defined by the local flow 1 : W — M are local diffeomorphisms which
satisfy:

(e 0 s)(q) = thers(a), whent,s,t+s €1 and ¥s(q),ve(q) € W.

Theorem 6.7. If X € X(M) has compact support then X is complete. In particular, if M is a
compact manifold then all X € X(M) are complete vector fields.

(Y 0 1hs)(q) = Vigs(q), whent,s,t+s €I and Ys(q),vi(q) € W.

Theorem 6.8. The flows 11 and 1y of two complete smooth vector fields X1, Xo commute (i.e.
P10 tas =1Pa g0 for all s,t € R) if and only if [ X1, X2] = 0.

6.2. Introduction to Lie Series

We begin this section by presenting the essential results of Grobner’s General Theory of the Lie
Series [I8], in regards to obtaining the concept of a complex Hamiltonian flow. We will do so in
the context of differential geometry and particularly in the case of real analytic compact manifolds.

Let us consider a compact real analytic manifold M of dimension n, i.e. with charts on M which
have have real analytic transition functions. We denote by X“(M;C) the space of real analytic
vector fields on M, that is if we consider a neighbourhood U of p € M with local coordinates
(z1,...,2") then X, € X*(M;C) is given by:

where each X*(p) is real analytic in U.
This vector field acts on real analytic complex-valued functions f : M — C in the usual way:

X-f:M—=C
p— X, fi=X,(f).

Considering C¥(M;C) to be the algebra of real analytic complex-valued functions on M, the
vector field X acts as a linear operator X : C*(M;C) — C“(M;C).

We can formally define a series, called a Lie Series, which is shown in [I§] to be absolutely and
uniformly convergent on a sufficiently small compact domain K C M.

Theorem 6.9. Convergence of the Lie Series
Consider a complex-valued real analytic function f € C¥(M;C) and a real analytic vector field
X € X¥(M;C). There exists Ty € R, defining the radius of an open disk centered at the origin
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Dy C C, such that for 7 € Dy = {r € C:|7| < Ty} the Lie series:

> 7k
Zk— Y =™ f(xy, ., ),

k=0

converges absolutely and uniformly, defining a real analytic function on M X Dy, i.e. a function of
the n + 1 variables (x1,...,xpn, 7). We call this series the Lie series for X and f.

Proof. Ref. theorems 1,2,3 of [1§]. O

Remark 10. By the nature of the Lie Series we are interested solely on its action on complex-
valued functions. If it were the case that f € R then, in general, we will have ™ - f € C. This is not
particularly useful, especially when considering the functions f as the underlying real coordinates
on the manifold.

We shall now explore the properties of the Lie Series, we assume throughout that both the vector
fields and functions are real analytic on the domains under consideration such that the previous
theorem holds true. We have the following well known results:

Proposition 6.10. Let k € N and x = (21, ..., xy,), we have the following known results:
X4 (S 560) =K )
j=1 J=1

x4 (16000) = i (5) (37 0) (x4 120

7=0
From this proposition it is clear that we have:
n n
(o h6) = (e si00)
j=1 J=1

We can also show from this proposition that e™* is a (local) automorphism in 7 of the algebra

C@(M;C).

Theorem 6.11. Automorphism of the algebra C*(M)
The operator €™ corresponding to the Lie Series is an automorphism of the algebra C*(M) for
|| < min{Ty,, Ty, }. Given fi1, fo € C¥(M;C) we have:

X (ff2) = (€ )€™ fa).

Proof. Ref. theorem 5 of [18]. By the second expression of proposition we have:

X (n0AE) - Zk,Xk <f1 @) = Sy () (0 1) (0 =

k=0 7=0

—ZZ (Xf 760) (X7 120

kO]O
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If we define kK — j = p we see that both indices k£ and p run independently from 0 to oo and thus
we obtain:

ZZ ) (Xj-fl(X>)<Xp-fz(x))—<ijXﬂ filx )(Z —XP - fo(x >_

=0 p=0
— (160 ().

This result can be generalized by induction to any finite product. O

Theorem 6.12. Commutation theorem

Let (U, ) be a chart on M with local coordinates (x',x?,...,2™). Consider a real analytic function
fe C“’(U C) and a real analytic vector field X € X* (U, (C) Considermg the local representation of
7, f U — C, there exists T > 0 such that for 7| < T the action of ™% on f,x 22, ..., 2" defines
real analytic functions on U x Dy where D = {reC: 7| < T, T = min{Ty, T;,, ,Tx}} Then,
we can find a small enough open set V c U such that:

o —

e X f(x Z% f(@t ™) = fem et e N ).
k=0

Proof. Ref. theorem 6 of [18].
O

Considering X a real vector field and 7 = ¢ with ¢ € R, from the previous theorem we have
etX . f = fopX. In this way we see that the action of the operator etX is just the evolution through
the flow of X. If we consider a given coordinate =7, j = 1,2,...,n we have:

d ) i’:

k:l

(XL (@) = X - (e - ad).

Thus, by considering the action on x = (z',22,...,2"), the expression ¥ - x, satisfies the flow

equation of X, dt = X'(é(t)) where ¢(t) is the integral curve of X. They are the same differential
equation and thus we have a unique solution by the Picard-Lindel6f theorem of ordinary differential
equations.

tX

6.3. Lie Series on Complex Manifolds

Let us now consider a compact manifold M, with dim(M)= 2n, equipped with an integrable almost
complex structure Jy.

Theorem 6.13. Let U C M be an open neighbourhood of a point p € M with local Jo—holomorphic
coordinates given by {z'}j=1,.. n. There exists T € RY such that for anyT € Dp ={r € C: |7| < T}
the action of the Lie series operator on the Jo—holomorphic coordinates is well defined,

17X i .
zr=e" -2 fori=1,...,n

This generates new coordinates {ZT}" 1 on a neighbourhood V- C U of p which in turn define a new
integrable almost complex structure J, where the coordinates {21}, are J,—holomorphic.
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Proof. Ref. theorem 2.5 [9]. Let p € M and consider an open neighbourhood U of p with local
Jo—holomorphic coordinates {z; }i=1,.. . By theorem we can consider a smaller neighbourhood
V! C U of p such that V' ¢ U with V' compact, i.e. V' is relatively compact in U and T > 0
such that for || < T the functions {z1},—1 ., are well-defined on V’. Since dz! A ... A d2" A
dz' A ... AN dz" # 0 at all points in V', by continuity in 7 and taking a smaller 7" if necessary,
we have dzl A ... Adz? AdzE A ... AdZ® # 0 for all points in V’. Thus, by applying the inverse
function theorem, we obtain a new system of coordinates {zi},zln on a, possibly smaller open
neighbourhood V C V. O

Remark 11. Just a few comments regarding the proof above:

i) We always have a V' satisfying the specified conditions since any manifold has a basis given
by regular coordinate balls.

ii) We take a possibly smaller T since a coordinate could go to zero in time 7.

iii) The possibly smaller V' comes as a direct consequence of using the inverse function theorem.

Theorem 6.14. There exists T € RY such that for 7 € Dy = {7 € C : |7| < T} there exists a
global complex structure Jr on M which extends the beginning complex structure Jy by the unique
bitholomorphism

or (M, Jr) = (M, Jo),

which acts on the Jo—holomorphic coordinates by the operator e™ .

Proof. Ref. theorem 2.6 [9]. Since M is compact we can consider a finite atlas of M given by
Jo—holomorphic charts {(Ua, 2q4)}a=1,..,~. From the previous theorem, for p € U, we have an
open set Vi, C U and T,,, > 0 such that the functions,

X 1 TX n)7

_ . 7X _
Zapr =€ 7 Zap = (e Zaprn€  t Zap

are well-defined holomorphic functions of 7 with 24 7 (Va,p) C 20(Ua) for 7 € Dy, . Here we take
Za,p to be the restriction of z, to Vi, i€, 2qp = za|v .

Consider now a cover of M given by {V,p}a=1,.. n, for all p € M. Again we can take a finite
subcover {V,, p, Ya=1,..x and consider TV = min;{T,, p,}. Let ¢q,a, be the transitions functions
between these charts. From the commutation theorem, there exists T', T € (0,7"] such that:

TX

_ _ 17X
Raj,pj,r = € “Raj,p; = €

“(baan © Zawp) = Pajan © Zay i, VT € Dr. (6.1)

Thus, the same transition functions work for the complex-time evolved coordinates on the
intersections Vi, ;, N Vi, p,- We can define then a new atlas on M given by {Vaj 01 2oy 7pj77—}j:17---K
which defines a new complex structure J, on M that is equivalent to the starting one, Jy. Recall
that every complex manifold has a canonical complex structure.

For each of the starting charts U,, o = 1,.., N, denote by ¢, : 24(Us) C C* — U, the inverse
of the coordinate function z,. For 7 € Dy we define:

Prj = Pa, © Za;p;r - Vayp, = Ua
From (/6.1)) we know that the maps {¢r ;},=1,.. Kk agree on the overlapping charts thus they define

a global bijective map ¢, : M — M. This map is surjective since it is a local diffeomorphism at
each point p € M and is homotopic to the identity, mapping each connected component on M to
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itself. The inverse map ¢_, is also well defined and is given on the charts ¢, (Va, ) by:

X .
€ ’ Zaj yPi T T Zaj D5 *

The map ¢, is then a biholomorphism from (M, J;) to (M, Jp), being the unique one which
satisfies za, p,,r = 2a,p, © Pr-

O

Remark 12. Note that .J; is a (1, 1)—tensor field and thus we have .J, = ¢lJy or J, = p*.Jy. We
define then J; := ¢ o Jy o re.

Corollary 6.15. Consider [ € COO(M) a not necessarily Jo-holomorphic function on (M, Jy) with
local Jo—holomorphic coordinates {z"'}i=1,. n. Given X € X“(M) and the corresponding complex
flow ¢, guaranteed by theorem for a certain D, locally we have:

g;j‘}(zl, a2 2L AN = f(zi, a2 L L,

where, for each i =1,....n,
=X . 2 and
For real time t € R, the biholomorphism . is the usual flow of X in time t. For complex time
t =7 ¢ R, ¢, is called the complex flow of X € X“(M) and is, in general, dependent on the
starting complex structure Jy. It should also be noted that, for 7 ¢ R, ¢, does not necessarily
satisfy the usual property of a flow p-1, # @; 0@, since these maps are dependent on the starting

complex structure.

Writing the dependence on the starting complex structure explicitly as 70, we have the following
commutative diagram for some 7' > 0 with |7|, |o|, |7 + o] < T (Ref. remark 2.12 page 22 [16]).
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6.4. Lie Series on Kahler Manifolds

We now extend these results to the case of Kéhler manifolds. By introducing a compatible
real analytic symplectic form w, which results in the compatible triple (M,w, Jy), immediate
questions arise in the context of a complex time evolution, particularly whether the action of the
biholomorphism ¢, on the complex structure Jy, i.e J;, is still compatible with the symplectic
form w. As we have seen, an Hamiltonian vector field keeps the symplectic form fixed and we will
consider precisely this case.

Consider a Kihler manifold (U, w, Jo) where U C R?" is an open set, Jg is the standard complex
structure on R?>® C C" with Jy—holomorphic coordinates {#zi}i=1,..n and w is a real-analytic
symplectic form.

Theorem 6.16. Let f € C¥(U) with real-analytic Hamiltonian vector field Xy with flow ¢;. By
virtue of theorem|[6.9 there is open V- C U and T > 0 such that the real-analytic Hamiltonian vector
field of e™Xr . f relative to w is given by:

* rkck (X
Xexug =) W =t Xy, |7 < T
k=0 ’
Proof. Ref. proposition 2.3.1 [14]. First, we prove by induction that:
L, Xy = Xxp(p)
For k =1 we have:

Lx, Xp=[Xn, Xg] = X1y = Xx,(p)

by proposition (4.2)). Assuming this holds for & we have:
E+1ly . _ k _ _ _ _
L5y = £, (L5, X7) = £, Xy = X Xxgon)] = Xin X} = X (g

We have then:
_ _ S _ ok — TLx,
XeTxh,f = XZ;QZO %Xxg(f) = ];_0 7l XX;’f(f) = ];_0 7l EXth = e X

O]

Remark 13. For ¢t € R this result reflects that ¢; of theorem [6.14] is a symplectomorphism where
(o7 1)*X ¢ = Xo: 7. In general however, for t = 7 ¢ R, ¢, will not be a symplectomorphism.

Lemma 6.17. Under the conditions of the previous theorem one has:
e X = X.i and eTExn X5 = Xzi

Proof. Ref. lemma 3.4 [9]. The results follows from the previous proposition. O

The following theorem answers our initial question, in particular it shows that (M,w, J;) is a
Kéhler manifold with g, = w(+, J; defining a Riemannian metric on M.
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Theorem 6.18. Let (M,w, Jo,v0) be a real-analytic compact Kihler manifold with Kdhler form
w, complex structure Jy and Riemannian metric o which are all real-analytic. Given h € C¥(M),
3T > 0 defining Dy := {7 € C:|7| < T} such that:

(i) (M,w, J;) is a Kdhler manifold where J. = @% and ¢, is the biholomorphism of theorem|6.1/}.

(ii) Given a local analytic Kdhler potential kg for (M,w,Jy), a local Kdihler potential for
(M, w, J;) is given by:

)
Ky = —2Im,, where W, = —ieTXh - ko +Th — a,
where a is the analytic continuation in t of
t ’
ar = / et Xn . 9(Xy)at,
0
where 0 = %(80 — 50),%0, with Oy and Oy are the Dolbeault operators relative to the initial complex

structure Jy.

Proof. Ref. theorem 4.1 [9] for the original proof or, for a step by step approach, theorem 2.4.1
from [14]. O

In general, for 7 ¢ R, ¢, will not be a symplectomorphism, i.e. ¢%(w) # w. This implies that the
resulting Kéhler structure (M,w, J-,v;) will not be equivalent to (M,w, Jo,v0). However, when
T=1t€R, g is indeed a symplectomorphism.
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6.5. Example: Kahler Plane

Let us look at the particular case of the Kihler structure on the plane, i.e. (R? = C,w, Jo,7),
where w = dx A dy is the canonical symplectic form, Jy is the canonical complex structure with
(global) holomorphic coordinate z = x + iy and + is the usual Euclidean metric. We have the
following useful results:

$_z+2 dx—dz+d2

-9 - 9 _ dz +dz dz — dz _E' __3' =
2z = ] &z = w—( 5 >/\< 5 —2dz/\dz—288(zz)
Y= Y=

We can easily check that y? = %22 and thus 32 is a (global) Kéhler potential.

Let us consider now the Hamiltonian function h = h(y) € C“(R), which we require to be
strongly convex, i.e. h’(y) > ¢ > 0Vy € R. The requirement of strong convexity is imposed
to ensure that we obtain a Riemannian metric later on. However, the choice of this particular
Hamiltonian is simply to ensure an easily solvable differential equations which still maintains the
illustrative purposes of the example.

The Hamiltonian vector field X}, corresponding to h(y) is obtained by the following equation:
tx,w = dh(y) = h'(y)dy
Replacing the data for calculation we obtain:

i _ o dz —dz o o 0N _ 0
2dz/\dz(Xh,)—h(y)< 57 ):»Xh—h(y)<8z+az e

]

The flow parameterized by real time ¢ € R is the solution of the following system of ODEs:

{g:g/(w = ¢ = (x+h’(y)t, y>

Considering t = 7 € C, i.e. the flow parameterized by complex-valued time 7, results on the real
coordinate x turning into a complex value, something which we can not interpret easily. However,
if we instead consider the complex-time evolution from the perspective of the holomorphic
coordinate z, we can make sense of this complex flow.

Since we consider everything to be real-analytic, by applying the theory of Lie Series we have
seen before with complex time-evolution parameterized by 7 =t + is, t,s € R we obtain:

sr= e =N X s = ek Tl (y) = a () + iy + sh (),

since X}’f -z =0 for any k > 1. Thus, if we have s € R such that Vy, y + sh/(y) # 0, we obtain a
(global) diffeomorphism on the plane given by ¢, (z,y) = (x + th'(y),y + sh’'(v)).

Let us consider now the simpler case of a purely complex parameterization 7 = is, s € RT. The
choice of positive s is to, again, ensure a positive metric which will be of the form g4(u,v).
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The complex-time evolution of the coordinate is given by z; = x + 7h/(y) + iy and thus we have:
zr =x+ish'(y) +iy =z +i(sh'(y) +y).
In this case, the diffeomorphism on the plane is given by:

os(x,y) = (z,y + sh'(y)).

The symplectic form w is kept fixed by the Hamiltonian flow, recall that Lx, w = dix, w+ix, dw =
0, due to the fact that X} is Hamiltonian and w is a closed form.

This new coordinate z; is the holomorphic coordinate of a new complex structure J; which is
not holomorphic on the canonical complex structure Jy we started with. We can easily see that
ps = (u(x, y),v(x, y)) does not satisfy the Cauchy-Riemann equations.

ou(x,y)
ox

:1#W:1+sh"(y), for s £0

By theorem 2.6 in [9] one can obtain the new complex structure .J; which turns ¢, into a
biholomorphic map ¢, : (R?,.J,) — (R2, Jy). The biholomorphism condition is given by dy; o .J, =
J odp, and thus:

J. =dp;t o Jodp,.
Performing the calculations one obtains:

1 [1+sh”(y) o] [0 —1] [1 0 }:{ 0 —(1+sh"(y))

T = Ty 0 11 00 1+sh"W)] ~ 5w 0

Having a new complex structure J, bears the question, are the symplectic and complex structures
still compatible? Let us see how the symplectic form looks as a function of the new coordinate z.,
we have:

dz; = dx + z'(l + Sh”(y)) dy < dz, Ndz; = —22'(1 + sh"(y))dw A dy,

the symplectic form is then given by:

1 dzy Ndz;
w=dr Ny =S i)

which is a form of type (1,1) in the coordinate z, and thus the symplectic structure is still
compatible with the new complex structure J-, i.e. Jfw = w (see just below definition for the
compatibility criteria on a K&hler form).

For this to remain a Kéahler manifold we need to check that we still have a Riemannian metric
obtainable through the symplectic and complex structures. Let us see how the metric g,(u,v) =
w(u, Jrv) changes. Considering general vectors u = aa% + ba% and v = Ca% + da% and the J; given
above we have:
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0 0 o 0
9s(u,v) =w(u, Jrv) = dz A dy <a(9$ + ba—y, Jr <681:’d8y) > =

_( dr ® dx

— 4+ (1+sh"(y))dy®d
S (s )y dy ) (1,0
In the limit where s — oo we see that there is a collapse of the plane into the y—axis.

Consider now the family of Kahler polarizations Py = <%> and see what happens in the
limiting case where s — oo.

Considering % = oz, y)a% + B(z, y)a%, we have:

d a—oﬁa?T
27627_

Thus, when we have s — oo the polarizations converge to real polarizations.

Oz 1 + sh"(y) Oy

_ g\
dZT<65T>_1 a_1<a i 8)
T2

This particular example shows firstly that this method works despite the fact that the Kéahler
plane is not compact and secondly, that the region of convergence extends to oo, i.e., s is allowed
to go to infinity.
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7. Appendix

7.1. Embeddings of compact m-dimensional manifolds in RY

We are interested in showing the result that a compact m-manifold can be embedded in RY for
some N € N. For this, the main idea is that of finite partitions of unity, we will prove that they
exist and their utility comes from the fact that a compact m-manifold is a normal space.

Definition 7.1. m-Manzifold
A topological m-manifold is a topological space X which is Hausdorff and second countable such
that at each point x of X there is a neighborhood which is homeomorphic to R™.

Definition 7.2. Support of a Function
The support of a real valued function ¢ : X — R, is defined to be the closure of the set p~(R—{0}).

Definition 7.3. Partition of Unity
Given a space X and a finite indexed open covering of X given by {Ux,...,U,}. A partition of unity
dominated by {U, ..., Uy} is an indexed family of continuous functions, ¢; : X — [0,1] for i=1,...,n,
such that:

(1) (support ¢;) C U; for each i.

(2) 3o, ¢i(x) =1 for each x.

Theorem 7.4. Existence of finite partitions of unity
Given a finite open covering {Ui,...,U,} of the normal space X then there exists a partition of
unity dominated by {Un,...,Uy,}.

Proof. Step 1: We begin by showing that we can construct a ”smaller” covering of X, {Vi} from
{Ui}, such that V; C U; for each i using an induction argument.

Let A= X — (UyU...UU,), A is a closed subset of X since it is the complement in X of a union
of open sets. Besides, since the U; are an open cover of X then A must be contained in the open
set U1. Now, since X is normal and A is a closed set contained in Uy then there is an open set V;
containing A such that Vi C Uy ([§], lemma 31.1). Thus, the new collection {V;,Us, ...,U,} is also
an open cover of X.

Assuming then that the collection given by {Vi,..., Vk_1, Uk, Uk+t1, ..., Un} is an open cover of X
let A=X—(V1U..UVi_1)— (Ugs1U...UU,). As before, A is a closed set that must be contained
in Uj. Using the same argument, there is an open set Vj, containing A such that Vj, C U} thus
Wi,y Vi1, Vie, U1, -, Un b covers X. Performing the n steps of the induction we obtain the
open covering of X, {V1,Va,...,V,,} satisfying V; C Uj.

Step 2: Starting from the open covering of X, {Uy, Us, ..., U, } construct {V1, V5, ..., V,, } satisfying
V; C U; for each i and, using the same procedure, construct an open covering {Wy, Wa, ..., W, }
such that W; C V; for each i. Using Urysohn’s lemma ([8], theorem 33.1), choose for each i a
continuous function ¢; : X — [0, 1] such that ¢;(W;) = 1 and ¥;(X — V;) = 0. Since 1; '(R — 0)
is contained in V; we have (support ;) C V; C U;. Since the collection {W;} covers X, the

sum W(x) = Y1, ;(x) is positive for each =, Therefore we can define, for each j, ¢;(z) = \Ij((gf))

obtaining the desired partition of unity.
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Finally, we have all the necessary tools to prove the result we were interested in. The statement
is the following;:

Theorem 7.5. If X is a compact m-manifold, then X can be embedded in RN for some positive
integer N.

Proof. Since X is locally homeomorphic to R™ we can consider an open covering of X given by
U = Ugex U, where U, is a locally homeomorphic neighborhood of = in X. Since X is compact
we can choose a finite subcover of U given by {Uj, ..., U, } where each U; can be embedded in R™.
Let the embeddings be given by g; : U; — R™ for each q.
Since X is compact and Hausdorff, X is a normal space ([§], theorem 32.3) therefore, by theorem
there is a finite partition of unity dominated by {Ui,...,U,} given by the functions ¢, ..., ¢y,.
Now, for each 7 = 1, ..., n, define a function h; : X — R™ given by:

hal) = oi(x) - gi(z) for x €U
' 0=1(0,...,0) for z € X — (support ¢;)
We now check that h;(z) is well defined. On the intersection of the two domains the definition
of h; agrees since ¢;(z) = 0 when z is outside the support of ¢;. Each h; is a continuous function
since the restriction to the open sets U; and X — (support ¢;) are continuous.

We now define a new function F': X — (R x ... x RxR™ x ... x R™) given by:
_ Y~

n times n times

F(z) = (¢1(2), ..., ¢n(x), M1 (2), .. hn (7))
F is clearly a continuous function since each coordinate function is continuous ([8], theorem 18.4).

Finally, to show that F' is an embedding it is enough to show that F' is injective since X is
compact and R x ... x R x R™ x ... x R™ is Hausdorff ([8], theorem 26.6) (i.e., F' is a surjective
function, restricting the codomain to the image of the domain, since the domain is compact and
the codomain is Hausdorff if we show that F' is injective than it is an homeomorphism by the
cited theorem and therefore an embedding).

Let F(z) = F(y), then ¢;(x) = ¢;(y) and h;(z) = h;(y) for all i. We have that ¢;(x) > 0 for
some ¢ (since ), = 1"¢;(x) = 1 therefore ¢;(y) > 0 and both z,y € U;. We have then:

¢i(x) - gi(z) = hi(z) = hi(y) = ¢i(y) - 9i(y)

Since ¢;(x) = ¢;(y) > 0 then g;(x) = g;(y). But since the g;’s are embeddings they are injective
therefore x = y and F' is an embedding for some N = 2n (n is not related to the dimension of the
manifold). O
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7.2. Segal-Bargmann Space

Here we simply state the definition and a single result regarding the Segal-Bargmann space. A
full treatment of this can be seen in [5] section 14.4, pp. 292-301.

Definition 7.6. Segal-Bargmann space HL*(C", i)
Consider the space of holomorphic functions f on C™ which satisfy the following:

Isth= ([ |f<z>|2uh<z>dz)1/2 <o,

where uy, is a density given by pp = Weﬂzwh. Acting on this space we define creation (a;) and
annihilation (aj) operators given by:
0
a; =zj, a;= h%’
J

which satisfy [a}, a] = [aj, ax] = 0 and [a;, ap] = hd;x1.

Proposition 7.7. The Segal-Bargmann space HL?(C", up) is complete with respect to the norm
|| - ||n and forms a Hilbert space with associated inner-product:

(fs9)p = /(Cn F(2)g(2)un(2)dz.

The space of holomorphic polynomials forms a dense subspace of HL*(C™, ).
Proof. (Ref. [5] proposition 14.5, pp. 296-297). O

7.3. Holonomy

Consider a symplectic manifold (M,w) with an Hermitian line bundle L with connection V and
curvature 2-form w = df. Given a loop v : [a,b] — M we can construct a section s € I'(L, M)
which is covariantly constant along ~. This construction is given by:

S(1(T)) = mp{ / (()T) emt»dt},

where 6 is the local symplectic potential. The values of the section at the start and ending point
will in general differ by a constant of absolute value 1.

Definition 7.8. Holonomy
The holonomy of a loop v : [a,b] — M is the unique constant o with unit absolute value such that
s(y(b)) = as(v(a)), where s is the covariantly constant section along the directions of ~y.

Proposition 7.9. If S is a compact oriented surface with boundary 0S in M which is a loop, we

have:
holonomy(dS) = exp{i/ w}, and exp{i/ w} =1,
S S

if S is a closed surface, where the boundary S = ().
Proof. (Ref. [5] proposition 23.6, pp. 487-489). O
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